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PREFACE 


r HIS is a new book, not a translation from Sternberg’s 
German book, Potentialtheorie in the ‘‘Goeschen” col- 
lection. A few chapters of the latter book have been used 
but these have been partly modified. 

The book is designed chiefly for the use of students and 
teachers. The research worker will perhaps find some helpful 
suggestions, as well. 

The student reading this book is presumed to have a 
thorough knowledge of differential and integral calculus. In 
some sections also an acquaintance with the most elementary 
theorems of the theory of analytic functions and of the theory 
of linear differential equations is desirable. 

The text offers a short introduction to vector analysis and 
a presentation of the Fredholm theory of integral equations. 
The theory of spherical harmonics is also briefly explained. 
Consistent use of vector analysis is a characteristic feature 
of the book. 

Among several books on potential theory we mention in 
particular O. D. Kellogg's Foundations of Potential Theory 
(1929) and G. C. Evans’ The Logarithmic Potential, Discon- 
tinuous Dirichlet and Neumann Problems (1927), American 
Mathematical Society Colloquium Publications, vol. VI. 

The authors hope that the present text fills a gap, by 
leading the student reader from the elements of potential 
theory to the solutions of boundary value problems in a simple 
and easily understandable way. 

On' account of space limitations it was not possible to 
deal with certain important topics. The methods of H.. 
Poincare, D. Hilbert, R. Courant, and other authors, for 
solving the boundary value problems under very general 
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conditions concerning the boundary of the regions, could not 
be treated, nor could the problems involving discontinuous 
boundary functions be discussed. In regard to this we refer 
the reader in particular to the paper of N. Wiener in the 
Transactions of the American Mathematical Society, voL XXV 
(1923). Regarding the small section “Direct Methods of the 
Calculus of Variations” the reader would do well to extend 
his knowledge of this matter by studying R. Courant's 
chapter xx, “Variationsrechnung und Randwertprobleme” in 
Riemann- Weber Die Differentialgleichungen der Mechanik and 
Physik, vol. I (1925). 

The authors wish to thank Dr. Carson Mark for his 
valuable assistance in the correction of proofs. They would 
appreciate any suggestions for improving the text. 

Wolfgang J. Sternberg 
Turner L. Smith 

Cornell University, 

Carnegie Institute of Technology, 

October, 1943. 
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INTRODUCTION 


VECTORS AND SCALARS 

Since the use of vector analysis is very convenient in the 
study of potential theory, we will first study the ideas of 
scalars and vectors as they appear in physics and the notation 
and simpler rules of vector operations and vector calculus. 

A scalar is a quantity which is measured by a single 
number. Some examples are density, temperature, electrical 
charge density, viscosity of a fluid, etc. A scalar may have 
a constant value, or its value may vary from point to point 
in space and perhaps with the time. 

A vector is a quantity which has magnitude and direction, 
as force, velocity, and acceleration. A vector can be geo- 
metrically represented by an arrow or directed line-segment 
in the direction of the vector, having a length (measured in 
centimetres, for example) equal to the number which repre- 
sents (in any units) the magnitude of the vector.^ 

The orthogonal projection of a vector on any direction is 
called the component of the vector in this direction ; this may 
be positive or negative. A vector a is evidently determined 
by its components ai, a2, az in the direction of the y, z axes 
of a rectangular coordinate system. The vector itself is 
geometrically represented by the interior diagonal of a rect- 
angular box whose edges are the components. 

The magnitude of a vector is 

( 1 ) a ^\a\ = a2^+ ; 

thus a letter in ordinary type represents the magnitude of the 
vector which is represented by the same letter in bold-face 
type. 

^On account of their physical meaning, scalars and vectors are inde- 
pendent of the choice of coordinate axes. 


1 



2 


Vectors and Scalars 


Intr. 


The direction of the vector a is indicated by its direction 
cosines : 

( 2 ) cos(a, x) == ai/a, cos(a, y) = a%/a, cos(a, z) = az/a, 
the cosines of the angles which it makes with the axis di- 
rections. 

The component of a in any direction n is 

( 3 ) an == ^ cos(a, w), 

and hence has its maximum value when n has the same direc- 
tion as a. 

From analytic geometry, the formula for the cosine of the 
angle between the directions of a and n is 

(4) cos(a, n) = cos (a, x) cos(w, x) 

+ cos(a, y) cos(n, y)+ cos(a, z) cos(n, z). 

If the two directions are perpendicular, this expression van- 
ishes. The application of (4) to (3) gives 

(5) a„= a [cos(a, x) cos(n, x) + . . , 

and from the formulas in ( 2 ) we get 

( 6 ) an= ai cos(«, x)+ a 2 cos(n, y)+ cli cos(w, z). 
According to ( 6 ) the component an in an arbitrary direction n 
is represented linearly and homogeneously by the three direc- 
tion cosines cos(w, x), cos(tJ, y), cos(», z) of this direction, and 
the components ai, ai, az in the directions of the axes are 
coefficients independent of n. This representation of the 
component an is obviously invariant under a transformation 
of the axes. That means: If 17 , f are a new system of axes, 
the equation 

a„ == cos(n, -f a, cos(n, tj) + cos(n, f), 
analogous to ( 6 ), holds true. 

On the basis of ( 6 ) the concept of vector can be defined in 
another, more abstract but nevertheless very important, way. 
By (6) a number an is associated with every direction n of the 
space. The vector a is then defined to be the association of 
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the numbers an with the directions n. The direction of the 
vector is defined to be that direction in which an gets its 
maximum, so that the direction cosines of this direction are 
proportional to ai, a 2 , aa, and the magnitude of the vector is 
defined to be the value of this maximum. It is obvious that 
direction and magnitude are again determined by (2) and (1) 
respectively. The reader should prove it ! 

The vector —a is defined to be the vector having the same 
magnitude as a but the direction opposite to that of a; its 
components are therefore — ai, — ^ 2 , —clz. The null-vector 0 
is a vector whose three components are zero; its magnitude is 
therefore zero and its direction indeterminate. 

Two vectors are said to be equal if and only if their corres- 
ponding components are equal respectively: a ^ b when 
a%= hi (i == 1, 2, 3). 

The sum or resultant of two vectors, 

(7) c = a 4- ft, 

is defined as the vector represented by the diagonal of the 
parallelogram having a and b as sides. The sum is inde- 
pendent of choice of axes, and is commutative. The sum has 
the components ai+ bx, a 2 + & 2 , < 2 ^ 3 + so that the compo- 
nents are added algebraically. From (7) it follows that 
6 = c — <1, by using the definition of —a and the interpre- 
tation that c — a means c There are no difficulties 
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in forming the sum of three vectors. It is easily seen that 
the associative law holds 

a ~\-(b + c) = (a + &) + c, 

so that the parentheses may be omitted and the sum written 
simply a + b + c. Of course the same statement holds for 
more than three vectors. 

If m is a scalar, then ma is a vector of magnitude \m\a and 
in the same direction as a or in the opposite direction, 
according as m is positive or negative; its components are 
max, W 02 , maz- It is easily seen that 

m{a + 6) = wa + mb. 

The dot product {scalar product or inner product) is de- 
fined by 

(8) a*b = ab cos(a, b) 

and is evidently independent of the choice of coordinate axes. 
By the use of (2) and (4), it is seen that in terms of the rect- 
angular components, 

(9) a*b == flibiHh a2b2'\- azbz. 

The dot product is evidently commutative, a*b = b*a from 
its definition. It can be easily shown to be distributive when 
combined with addition, so 

(10) a- (6 + c) = a*b + a*c. 

The dot product is equal to the product of the magnitude of a 
by the component of b in the direction of C, The dot product 
of a vector by itself, written simply is equal to 
The vanishing of the dot product is the condition for ortho- 
gonality of two vectors. 

In vector analysis, it is frequently convenient to make use 
of the three unit vectors f, j, k in the direction of the three 
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axes. Then the vector a can be written as the sum of three 
component vectors in the axis directions, 


It is frequently convenient also to use the following notation 
for a vector in terms of its components: 


The cross product (vector product) c of two vectors a and 
(11) c = aXb, 

is a vector of magnitude equal to the area ah sin (a, h) of the 
parallelogram formed on a and and having a direction 
perpendicular to their plane such that a, b, c form a right-hand 
axis system. That is, a rotation in their plane which carries 
the direction of a into that of b (rotation through an angle 
less than 180°) will appear to an observer facing in the direc- 
tion of c to be a clock-wise or right-hand rotation (Fig. 3). 

For the cross product, the commutative law does not hold, 
since from the definition it is evident that 

a Xb = - b Xa. 

It is not difficult to prove that the distributive law is valid: 

a Xib + c)=flXl?+aXc. 

We will assume that the rectangular coordinate system used 
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is right-handed; then it is easily seen that, in terms of com- 
ponents, 

( 12 ) X fc = (^^263 “■<2362) 163) J+(<Ti62~”<T2&i) k 

= (^ 2^^3 ■“^ 3 ^ 2 > CLzhi — (Zibzy dihz — ClJ)^ 

i j k 

= di (1% dz 

bi &2 63 

To prove this we note that 

iXj=k j Xk = i kX i =j 

i X I = 0 j xj = 0 fe X * == 0. 

Therefore 

a X 6 = {dxi + d2j + dzk)X{bii + bj + bzk) 

^(dlb 2 )k —(dlbz)] — (a2&l)fe +(^^ 2 & 3 )l + ((23J1)/ -^{dzb^i 

in accordance with (12). 

The gradient, divergence, and curl of a vector will be 
defined later as needed. 



CHAPTER I 


THE NEWTONIAN LAW OF GRAVITY 
Art. 1. The Newtonian La^ 

The Newtonian law of gravity states: two concentrated 
masses mi and m% located at the points Pi and P 2 exert on each 
other a force of attraction proportional to the product of their 
masses and inversely proportional to the square of the distance 
between them. The direction of the force is along the line joining 
the masses. If we let r and F be the distance P 1 P 2 and the 
magnitude of the force respectively, then 

where k is called the gravitational constant. The force mi 
exerts on m 2 has the direction P 2 P 1 , while the force acting on 
mi has the direction P 1 P 2 . 

The magnitude of the gravitational constant depends on 
the units of mass, distance and force selected. In the c.g.s. 
system with the force measured in dynes, 
k = 6.66 X 10“^ 

Hence two point-masses of one gram each at a centimetre 
distance apart attract each other with a force of 0.000,000,066,6 
dynes. 

It is customary to simplify the equations of potential 
theory by using a unit of force such that k = 1, so that 

F . 

This unit of force is called the gravitational unit of force. It 
is evidently equal to 6.66 X 10”"® dynes, and hence is very 
small. Measuring force in this unit we have P = 1 when 
wi= 1 and r = 1. We will mostly use this unit in this 
book (but not in the following example). 
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Example: to calculate the mean density of the earth. 
The length of the equator is 40,000 km. or 4 X 10® cm.; the 
acceleration of gravity is 981 cm/sec® on the earth's surface. 
In the law of force, let mi= il/ be the mass of the earth 
concentrated in its centre (see Article 3) and let m 2 be 1 gm, 

at the earth’s surface. Then F = —where k = 6.66 X 10-« 
4 X 10® 

and r = ; moreover, F=981 dynes, so that 981 = 

27r 

or M . If we let a be the mean density of the 

k 

earth, then M = ~ . Equating the two expressions for M, 

3 

= = 3 X 981 

k 4:Trr^ 4:Tkr 

= 5.5 approx. 

In electrostatics. Coulomb's Law has the same form as 
Newton’s gravitational law. Two point-charges of electricity 
ei and 62 at the points Pi and P 2 at a distance r apart exert on 
each other a force 

€162 

The force is along the line P 1 P 2 ; like charges repel, and charges 
of unlike sign attract. Here it is customary to use the dyne 
as the unit of force, and to select the unit of electrical charge 
so that the constant of proportionality is unity in Coulomb’s 
Law. That quantity of electricity which exerts a force of one 
dyne on an equal quantity of electricity at a distance of one 
centimetre is called an electrostatic unit (c.g.s.e.s.u.) of elec- 
tricity. 
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Art. 2. The Force Field 

The force which would act on a unit mass held at any 
point in space is called the value of the force field at that point. 
We will first study the force field due to a concentrated mass. 

Let the mass m be concentrated at the point Q:(xi, yi, Si), 
and consider the force which this exerts on a unit mass at 
P:(x, y, z). Let the vector from P to Q be denoted by r, 
r= (xi— x) i + (yi— y)j + (21— z) k, 
then the force acting on the unit mass at P is in the direction 

of r or in the direction of the unit vector— } so that the force 

r 

vector IS equal to , or 

y2 Y 



This vector is the value of the force field at P due to the mass m 
concentrated at Q, This field has the components 

X = Y = m(yi — y) ^ ^ w(gi — 2) ^ 

^3 

When several masses mi, m2, .... mn are located at the 
points Qu <22, » . . , Qn respectively, where Qa is (xs, ys, Za), they 
produce a force field or force on a unit mass at P:(x, y, z) which 
is the resultant of the forces exerted separately by the indi- 
vidual masses. The force due to the mass m^ is 


m^ r 
rs 


where ts == {Xa — x, y a — y, Za — z). Adding these together, the 
total field at P is 

F = y , 

5=1 "5 
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with components 


jjjr 2 IflsiXs 

5 = 1 r/ 


n 

F = S 


5 = 1 


m,{y,-y) 


z = i; ~g) 

S=1 


We consider next a continuous distribution of mass, which 
occupies a bounded region F. Let the element of volume 
dV = d^dridt at the point Q\{^, v, f) of V contain the mass dm. 
Then the field of force at P:(x, y, z) due to dm is 


rdm 


r = a - x,n - y, ^ - z). 


It is at first assumed that P is outside the volume V. The 
total force at P is 


F = 




(? — x)dm 


' r r (») — y)dm 

» 

JJJ r 



!* (t ~~ ^)dYll\ ^ 
H / 


If p = p($, t;, f) is the density, then dm = pdV and 



The density is a scalar function which we shall assume to be 
bounded and integrable. 

If the mass is distributed over a surface (plane or curved) 
with the surface density cr, the force is 

F = 

S 

where dS is the element of area of the surface S. Finally if 
the mass is on a curve C with a linear density y, the force field 
it produces is 
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where ds is the element of arc of the curve C. 


The field F due to a space distribution of mass has a 
meaning when P is inside the region V as well as when P is 
an exterior point. The integral 


F = 


Tr rpdV 

V 


is an improper integral w^hen P is inside V, because r > 0 as 
Q-^P; but if we transform this integral by introducing 
spherical coordinates for Q with P as origin, then 


dV = sin 6 dr dS d(j>, and (? — %)= r sin $ cos <>, 


so that 


X - 


J J J p sin^^ cos <t> dr dd d<l) 


which is not an improper integral. Similarly it can be seen 
that the integrals for F and Z become proper integrals in the 
new coordinates. Hence F exists and is defined by these 
integrals at interior points of V, 


Art. 3. Examples and Exercises 

1. A spherical shell or surface of radius a, having a surface 
mass distribution of density a. The distribution is supposed 
to be homogeneous, so that c = constant. 

Let the point P be taken on the positive 2 -axis. On account 
of the symmetry, Y and X are zero. Show that 


Z 


4xa^(7 

s- 


M 


for s > a, 


0 


for z <a. 
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The force field at exterior points is therefore the same as if the 
mass were concentrated at the centre. (From example 6, 
below, Z = — 27rcr when z == a.) 

2. A homogeneous spherical solid of uniform density p and 
radius a. 

Take P on the 2;-axis above the sphere, and show that 
2^ ^ _ 47ra^p M 

The solid sphere therefore attracts at exterior points as if its 
mass were concentrated at the centre. 

Show that this is also true if the density p is a function of 
the distance from the centre of the sphere. 


2a. A hollow thick spherical shell or solid filling the space . 
between two concentric spheres, with density constant or a 
function of the distance from the centre. Show that the force 
is zero for a point inside the inner sphere, and is the same as 
if the mass were concentrated at the centre for a point outside 
the outer sphere. 


3. Homogeneous straight wire AB of length I and density 7. 
Take the wire as the 2-axis with A at the origin and B at 
z = L Take P on the z-axis; then evidently X = F = 0. 


For 2 > Z, 


For 2 < 0, 


Z = 

z = 

z = 


^ , where r = |f— 2] = 2 — f; 
0 

- y ^ ^ ^ 

Jo (f — 2)^ 2(2 — 1 ) 

^ (r ~ , yl 

0 z{z — Z) 


On approaching the end-points 2 = 0 ,or 2 = Z, Z becomes 
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infinite. When P is an interior point (0 < z < /), we can take 
P as the mid-point for a small segment of wire; by symmetry 
this exerts no force on P. But P is an exterior point for the 
remainder of the wire, so that the total force can be found. 


4. Infinite homogeneous wire. 

Let the wire lie along the z-axis, and take P on the positive 
x-axis. Then by symmetry F = Z = 0, and 




* 7 COS aif 


^ yX 

X . 

27 


, where cos a 

dt 


oo(x2+r) 

du 


• 2 ^ 3/2 


-00 (1 + 


— X 

r 




f 

> 

X 


The force is therefore inversely proportional to the distance 
from the wire. This can be used as an interpretation of the 
logarithmic potential (Chapter 2, Article 3). 


5. Homogeneous disk of radius a. 

Let the disk lie in the xy-plane with centre at the origin, 
and take P on the s-axis. By symmetry, X = F = 0, and 


Z = 


i (f = 0;r2 ’!'+ 2') 

^3 


= — crz 


dS 


By introducing polar coordinates ^ = p cos 9^ v = P sin 9, 
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r2r 


pdpdd 


Jo(22+p2)372 

■2ira2i^ - 

for 2 > 0, 


2Tor 


27rflr 


2t(TZ 

Va^ + z2 

2Traz 


Va2 + 

We find from this that 

lim Z = ~-27r<r; Z^ 


.+ 0 


for 2 < 0. 


= lim Z = 
- 0 


Also Z(0) = 0, so that 


7(0) = ^ . 

6. Homogeneous spherical surface; to calculate F for F 
on the surface. 

Let the radius be a, centre at the origin, and let or be the 
surface density. Take P at (0, 0, a ) ; then the tangential 
components X, F vanish by symmetry, and the normal 
component 


r -a 


dS 


This integral is improper, but is convergent and can easily be 
evaluated. By using spherical coordinates, it becomes 

^ ^ (a cos d --- a) sin dd<j>d0 

0 J 0 [a^ sin^ B +a^{l — cos 
sin Odd 

= -- 2Tra — 7 T- 

J 0 — cos0)^^2 

= — 2x<7. 

Hence the force is independent of a. From example 1, we 
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find that for the forces just outside and just inside the surface 
-Z 4 . = — 4xcr, Z- = 0, 

so that Z(P) = . 

2 

7. To find F in the interior of a homogeneous solid sphere. 
Let p be the density, a the radius, and S the surface; let 
OP == R he the vector from the centre to the point P inside 
the sphere. 

Let 5i and ^2 be concentric spherical surfaces with radii 
ai^- R and a% < R. That portion of the sphere between Si 
S exerts no force at P (Example 2a). The mass inside the 
surface 52 exerts a force (Example 2) 

p = — — 

3P2 p* 

By letting > P and ^2 it is seen that 



The force is therefore proportional to the distance P from the 
centre. This method can also be used when p is not a con- 
stant but varies with the distance from the centre of the 
sphere. 

Art. 4. Force Fields. Lines of Force. Vector Fields. Velo- 
city Fields 

If a force is defined at every point in space or in a portion 
of space, the space possesses a physical property and is called 
a field of force j in accordance with Art. 2. For example, a 
space distribution of mass would exert on a unit point-mass 
at any point P a force, which is the value at P of the force field 
caused by the distribution of mass. Similarly, masses distri- 
buted over surfaces or curves produce force fields. The force 
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field produced by a point-mass is not defined at the point 
itself, because the force becomes infinite as this point is 
approached. 

A line offeree is a curve which has, at each of its points, 
the same direction as the force at that point. The lines of 
force due to a point-mass are the straight lines through that 
point where the mass is located; and the lines of force due to 
a homogeneous spherical mass are the straight lines through 
the centre of the sphere. In general the lines of force are, 
according to their definition, the solutions of a system of 
ordinary differential equations, 

X 7 ~ Z ’ 

where (X, Y, Z) is the force field and (dx, dy^ dz) is a displace- 
ment along the line of force. Two arbitrary constants enter 
in the integration; hence the lines of force form a two-para- 
meter family of curves. 


Examples 

1. For a mass-point m located at Q (taken as the origin), 
F , where r = (x, y, z). 


Hence 




X y z 

are the differential equations of the lines of force, with the 
solutions y ^ ax, z = bx. These equations represent the lines 
of force, which are straight lines through the origin. 


2. Let the field be F = (x, y, -z). Then 
dx _dy _ dz 
X y —2 

which have the solution y = ax, zx = b. 
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A point where F=0orX'=F = Z~0isa point of 
equilibrium. Such a point is in general a singular point for 
the differential equations of the lines of force. 

If an arbitrary vector is defined at each point in space or 
in a portion of space, this space is called a vector field. The 
lines corresponding to the lines of force are the field-lines. 

For example, consider the motion of a fluid. Let (^c, y, z) 
be the coordinates of a particle at the time t, then the motion 
is associated with the differential equations 

^ = v{x, y, z, t) 
dt 

where v is the velocity of a particle. The field v is. a velocity 
field. The velocity in general depends on the time t as well 
as on the place (x, y, z). When the velocity is independent of 
t explicitly, the flow is called stationary. 

The solution of the above differential equation gives 
r = 0(^a, &, c) or 

a, h, c), y = a, &, c), z = a, &, c). 

A particular choice of numerical values for a, b, c corresponds 
to a particular particle; the above equation r a, 6, c) 

therefore represents the paths of particular particles. The 
parameters may be so chosen that they are the coordin- 
ates of the particle in question at the beginning of the motion, 
at / = 0. We designate them in this case by xo, yo, ^o; then 

r = 0(/, fo). 

Equations of motion in this form are known as Lagrange 
equations. 

A field-line, which is here called a flow-line or stream-line, is 
by definition such that at each point of the line (at some parti- 
cular instant) the line has the direction of the velocity at that 
point. The differential equations of the stream-lines are 
therefore 
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dx _ dy __ dz 
vi{x, y, z, t) V2(x, y, 2 , t) Vzix, y, 2 , t) 
where t is considered constant. On the other hand, from the 
vector equation above it follows that the paths of particles 
are the solutions of 

dx _dy _dz _ 

Vi V2 Vz 

where t is the independent variable. Thus it is apparent that 
the paths of particles are in general different from the stream- 
lines. They agree if and only if the ratios Vz are inde- 
pendent of the time. In particular, when v is independent of 
t or the flow is stationary, the stream-lines are the same as the 
actual paths of the particles. 

Examples 

1. V = (xt, y, 2 ). 

This velocity field has the paths of particles 
(x, y, C 2 e\ Cze^), 

and the stream-lines 

X = ay\ y = bz 

at any fixed instant t = constant. 

2. V == (5, t, 0). 

The trajectories of the particles are the parabolas 
( X = 5/ + Cl 
] 3 ^ = 

I 2 = C3; 

while the flow-lines at any instant are the straight lines 

t , 

y = — X + a, 

5 

Z b. 



CHAPTER II 


CONCEPT OF POTENTIAL 

Art. 1. Work. Poteatial, Gradient of a Scalar 

We will now show how the idea of potential arises in 
mechanics. The motion of a mass-particle in a force field 
F ={X, 7, Z) is a simple example. We will assume that the 
field is a continuous function of position in space, and for 
simplicity that the mass-particle has unit mass. By Newton’s 
second law of motion, the motion is governed by 
F = r", or X = x", 7 - y", Z = z", 
where the primes mean differentiation with respect to time. 
Here r = {x, y, z) is the vector from the origin to the particle. 
Let V be the velocity of the particle. Then 

1 — i;2= p^p. 

but 

( 1 ) = 

is the kinetic energy of the particle. It is a scalar independent 
of the coordinate system. From the above equations 

dE „ dr 
— = r • — , 
dt dt 

and by integration with respect to the time, 

CP rp 

(2) E{t) - E{t,) = F-dfr - {Xdx + Ydy + Zdz), 

. Po .« P 0 

where the particle moves along a certain curve from Po to P 
in the time from /q to t. (We consider here, and later, curves 
which possess a continuously turning tangent except perhaps 
for a finite number of points.) The expression on the left of 
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(2) is the increase in kinetic energy of the unit mass-particle 
from to to L By the definition of the dot-product, the inte- 
grand on the right side of (2) is F^dr = F cos 0 ds = F^dSy the 

element of work which the force performs on the portion ds 

rp 


of the path. The line integral U = 


F*dr is therefore the 

Po 


total work performed during the motion. 

The work is in general dependent not merely on the posi- 
tion of the points Po and P, but also on the path of the particle 
between them. However, the work is independent of the path L 
used, if the integral has the same value for all paths, from 
Po to Py which can be deformed continuously into each other 
without leaving the force field. 

We now impose the condition that the integral 


(3) 


® F*dr - 0 
J c 


for any closed path C which can be shrunk to a point without 
leaving the field. A field which satisfies this condition is 
called conservative. Then the integral U for any two points 
of the field is independent of the path between them,^ and 
conversely property (3) follows from the property of inde- 
pendence of the value of the integral on the path between 
end-points. When we consider Po as fixed and P as variable, 


the integral U = 


F*dr represents a function of P (naturally 

Po 


independent of the choice of coordinate system) . This scalar 
function 


(4) 


U{P) = 


•p 

F^dr 

• Po 


is called the potential of the field F. 'We will now always 
assume tha t the field is a simply-connected region, that is, that 
^The integral has the same value at least for any pair of paths, whose 
combination is a closed curve which can be continuously shrunk to a point 
without leaving the field. 
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every closed curve lying in the field can be continuously shrunk 
to a point without leaving the field. (For example, a cube, 
sphere or cylinder, a sphere with one or more inner points 
removed, or the region between two concentric spherical 
surfaces is simply-connected, but a torus is not a simply- 
connected region.) 

For a simply-connected region, the potential U (with Po 
fixed) is a single-valued function of P, because the integral (4) 
has the same value for every curve of the field joining these 
points. If we take a different fixed point Pi instead of Po, 
then 


rP 


Z7i(P) = 


F^dr = 

Pi 


F^dr + 


F-Jr, 


so that Ui and U only differ by a constant, namely 


fPo 

F*dr. 

Pi 

The potential U is therefore uniquely determined by the field 
F = (X, Y, Z) except for an arbitrary additive constant. 

From (4), by the rules of calculus, we get 

dx ' dy ' dz 

or more briefly 

(5) F = grad U. 

(See the end of this article for a discussion of the gradient as 
used in vector analysis.) The derivatives of the potential in 
the axis directions are therefore the force components in these 
directions; hence, conversely, the field is determined by its 
potential. Similarly, the directional derivative of the poten- 
tial in any direction is the force component in this direction, 
since 

dU 


bn 

eu_ 

dx 


dU dx dU dy dU dz 
dx dn dy dn dz dn 

cos{n,x) + . . . cos(w,x)+ . . . = F*n = Fy^. 
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We have just seen that a conservative field has a potential 
such that F = grad U. Conversely, if it is assumed that a 
field has a potential such that F = grad Z7, then it is conser- 
vative; for it follows that for any two points Po and P of the 
field 

^ p 

Vif = \(~dx + ... = fiZ7 = U{P)- t/(Po), 

Jpo Ada: / Jfo 

Po 


SO that the line integral is independent of the path and hence 
vanishes for closed curves. 


The integral — [7 = — 


-p 

F»dr is the potential energy', 

Po 


it is 


the work which must be done to bring the particle from P to 
Po- Equation (2) is then the equation for the conservation 
of energy for the single particle. It shows that the sum of 
the potential and kinetic energies is a constant. 

In electrical fields governed by Coulomb’s law where 
elements of like sign repel, it is usual to define the potential IJ 
by the relation 


grad XJ = — F 


instead of (5). The potential is then equal to the potential 
energy, while in gravitational fields it is the negative of the 
potential energy. 

If the field extends to infinity and vanishes to a sufficient 
order, then the point Po in (4) can be taken at infinity, thus 
fixing the undetermined constant. The potential at P is then 
the work which is performed by the field to bring the mass 
from infinity to P; this is equivalent with the condition 7/ = 0 
at infinity. 

From a purely mathematical point of view, we note that if 
X, F, Z are continuous functions of x, y, 2 , then F = grad U 
is a system of three simultaneous differential equations for the 
function U. Such a system has in general no solution. From 



Art. 1 


Gradient and Curl 


23 


the above considerations it follows that (3) is an integrability 
condition for F = grad U — that is, that these differential 
equations have a solution if and only if condition (3) is satis- 
fied. The solution is given by (4) and is determined except 
for an additive constant. 

Under the assumption that X, F, Z are continuously 
differentiable, it follows from (5) that 

(6) curl F = 0 , i.e. — == — , — = — , — = — . 

dy dz dz dx dx dy 

(See end of article and Chapter 3, Art. 5.) These three 
equations on F are therefore necessary conditions for the 
existence of a potential; we will find (Chapter 3, Art. 5) that 
they are also sufficient. 


Gradient and Curl 

The derivation of a field vector F from its potential is an 
example of the use of the gradient of a scalar, which we will 
pause to study. 

Let W = W{x, y, z) be a scalar function, continuously - 
differentiable, as, for example, the temperature at any point 
in a body. The derivative in the direction of any unit 
vector n is 


(7) cos (w, x)+ cos(w, y) + cos (n, z). 

dn dx dy dz 


The vector A whose components 


dW dW dW 


dx dy dz 
known as the gradient of W, and denoted by 

A = grad IF = VTF (read *‘del” TF), 


enter (7) is 


where V is the symbolic vector operator 


dy dz) 


Since 


cos(w, x), etc., are the components of the unit vector n, 
(7) is in the form of a dot product, and may be written 
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— = ^W*n =(grad W)n= |grad W\ cos {A, n). 
dn 


Hence the directional derivative is a maximum when it is in 
the direction A, and the maximum value of the directional 
derivative is the magnitude of A, These considerations show 
the physical meaning of the gradient and make it apparent 
that it is independent of the choice of axes (compare Intro- 
duction, abstract definition of vector). 

Other uses of V are in the quantities defined by 


( 8 ) 


div F 


VF = ^ + — +— (divergence of F) and 
dx dy dz 


curl F = rot F = VXF 


i j k 

± ± 
dx dy dz 
X Y Z 


Art. 2. Newtonian Potential of a Body 

A Newtonian field is conservative. 

Consider first the field which a point-mass w at (2:(xi, yi, ^i) 
produces. We have seen that this produces the field 

F= — , where r =(:)Ci— X, yi— y, Si— s). 

Evidently this field is the gradient of the function 

TT ^ 1 

U hr, 

r 

which is therefore the potential function of the held, since 

grader. 

The field extends to infinity, and if we make the function 
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unique by the condition U = 0 at r = oo , we have finally 
= 0. Thus the function 

(9) U 

r 

is called the Newtonian potential for a point-mass m. 

Similarly, if several masses nts are located at the points 
(xs, jsi Zs)y then their potential is 

(10) U= S — , rs = {Xi— X, ys— y, z,— z), 

since it is easily seen that the correct expression for the force 
field is 

(11) -F = grad = ( I V' 

) 

The potential function is continuous, together with its deri- 
vatives of all orders, except when P is coincident with one of 
the source-points where a mass is located. 

The problems of one or several point-masses are mere 
abstractions; in practice we usually have continuous distri- 
butions of mass. Suppose that we have a continuous distri- 
bution of ihass filling a region V of space (for example, the 
space inside a closed sphere). Let P:(x, y, z) lie outside of F, 
and let dm be the mass of the element of volume d F = 
located at Q:(|, f). 

The potential for this continuous distribution is 


(12) U 


— , where r == (? - x, - y, T — 2 ;), 
r 


since, by the rules of calculus, differentiation of this function 
leads to the correct law of force for the field due to the dis- 
tribution, 


(13) 


F=grad t7=(X, 7,Z)== 





dm, 


) 
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The potential U may be differentiated not merely once, but as 
often as desired with respect to x, y^orz; for, since Pis assumed 
outside F, the integrand is continuous and differentiable as 
often as desired with respect to x, y, s, and since the boundary 
surface is fixed, differentiation under the integral sign is per- 
missible. If we introduce the density p, the above equations 
become 


(12*) 


U 



pdV 

r 


and 

(13*) 


F 


== grad U = 



a-x)pdV 
- , 



The density does not need to be a continuous function ; it is 
sufficient to assume that it is bounded and integrable in V. 

The potential defined by (12) or (12*) is called the New- 
tonian potential to distinguish it from the logarithmic potential 
which we will now discuss. We note again for emphasis that 
the Newtonian potential is a continuous and arbitrarily often 
differentiable function of P:{x, j, z) for all points P outside F. 


Art. 3. Logarithmic Potential 

Let two points in the plane, P:(x, y) and Q:(?, r/), be given, 
which attract each other with a force F acting along the line 
PQ and given by the law 

F = k^, 

r 

where r = - xy+{v - 

is the distance between the points. Here m and m' may be 
called again the '‘masses” of P and Q respectively, and ^ is a 
constant independent of the position and masses of the points. 
The essential difference between the Newtonian law of force 
and the present one is that the force is now assumed to be inver- 
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sely proportional to the first power of the distance instead of to its 
square. The force which Q exerts on P is 

(14) F == (P cos a, F cos 

where a and /5 are the angles which the direction from P to <3 
makes with the coordinate axes. If we let hm' = 1, we have 

— y)\ 

,2 


(14*) 


\ 


m{^ — x) 


where r =(i — x, t] — y). 

All the formulas of vector analysis are valid in 2-space (or 
in M-space) except those which involve the cross-product. The 
force field here is again the gradient (2-diraensional) of a 
potential function ; 

(15) F = gradZ7 = (^. , 

\ dx dy / 

where 

(16) U log-i.. 

r 

This function is called the logarithmic potential due to the 
point-mass m at Q, on account of the form of the function. 
The force field 


(17) = 
s=i r/ 

due to the masses Ws at the points Q.: (?s, ■>?«), has the potential 

(18) f/ = 2 log — . 

s=i r, 

A distribution of density cr spread over a finite portion S 
of the plane, attracting by the inverse first power law, pro- 
duces a field at an external point P given by 


F = 



dS. 


(19) 


5 
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This force field has the potential function 

log — cdS. 
r 
s 

In all cases, we have F == grad U, 

The logarithmic potential plays the same part in the plane 
as the Newtonian potential in space. It is a continuous and 
arbitrarily often differentiable function of the position of the 
point P, when this is varied outside the region 5 of the plane 
where there is mass present. 

Art. 4. Newtonian Potential of Surface Distributions and of 
Double Layers 

Let a plane or curved surface *S carry a surface distribution 
of mass of density cr which attracts by the Newtonian inverse 
square law. Assume the surface to be finite, with continu- 
ously turning tangent plane or made of a finite number of 
pieces with continuously turning tangent plane, joined along 
edges; also assume there are only a finite number of corners 
or sharp points (as the vertex of a cone). 

The force field and potential are here given by double 
integrals extended over 5 

('21) f 

\JJ r^. ’ ' / jJ * 

s s 

and 

(22) U = [[— , 

J J r 
s 

the density a being supposed bounded and integrable. This 
is the potential of a single layer, in contrast with what is called 
the potential of a double layer which will now be studied. 

Electrical forces and magnetic forces obey the Coulomb 
law, which is exactly like the Newtonian law except that lik^ 




Art. 4 


Surface Distributions 


29 


charges repel instead of attracting. It is customary to use the 
same definition for the potential function for these fields, and 
to take care of the difference in sign of the field (from gravi- 
tational fields), by writing 
(23) F = - grad U 

for electric and magnetic fields. 


Let 5 be a surface free from singularities and one-sided, so 
that the normal direction is a continuous function of the posi- 
tion of a point on the surface. Select a positive direction for 
the normal, which is then defined by continuity over the whole, 
surface. Let the surface 5 carry an electrical charge of density 

(T, so that its potential function is f [ In the negative 


J J r 

normal direction from each point Q of the surface locate Qi 
at a constant distance A, thus forming a parallel surface Si. 
We assume that for sufficiently small A, the surface Si does not 
intersect itself ; corresponding points Q and Qi have the same 
normal. Let the surface Si carry a charge of density o-i, such 
that corresponding area elements carry numerically equal 
charges of opposite signs, i.e. 


o'ldSi 


— (xdS. 


Such a condition holds approximately on the two conducting 
coatings of a charged Leyden jar. The potential due to the 
two surfaces is then ^ ^ 

h 

S Si s 

Now let A > 0 and <r > <» , so that ah ^ fj. everywhere uni- 
formly on S; then also 


U =- 


adS 


+ 


aidSi 


1 1 


lim ^ 
h-^0 A 
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Hence the potential 



obtained as the limit of the potential of two single layers 
of opposite sign which approach coincidence, is called the 
potential of a double layer. The function fi is called the 
moment of the double layer, and is assumed to be bounded 
and integrable. 

Since 


dn 



1 dr 
dn 


1 r dr f N , dr . . 

— — — cos (w, x) + — cos («, y) 
Ld^ drj 


drj 

4- ^cos (w, 2;)J 






— J: r { — f cos (n, x) -h 
L r 

-cos (r, x) cos{n, 3c) — . . . . J 


1 


(if r is directed from Q to P) 


-cos (r, w), 


the potential of a double* layer may be written 


( 24 *) 


U 


M cos (r, n) 
r2 


(The potential of double layers was introduced into the theory 
by Helmholtz.) 

For completeness, we remark that the Newtonian potential 
due to a distribution of mass along a curve, attracting by the 
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inverse square law, is 
this definition. 




yds 

r 


We will make no use of 


In the plane, consider a curve made of a finite number of 
pieces with continuously turning tangents; let this curve C 
carry a distribution of density y acting under the inverse first 
power law. The logarithmic potential of this single curve 
distribution is then 


(25) 


U = 


log — dm = 
r 


y log_d5, 
r 


where ds is the element of arc. By a passage to the limit 
exactly analogous to that used in defining a double layer, the 
expression 


(26) 


!7 = 



' y cos (r, n) 

r 


is obtained as the potential of a double linear distribution. 
Also, the potentials of single and double layers are continuous 
and indefinitely often differentiable at all points outside the 
acting masses. 


Art. 5. The Laplace Equation 

We will now study a very important property of the 
potential, which is common to all the potential functions which 
have been defined. We note that the function 

1 ^ 1 

which may be considered as the potential (Newtonian) of a 
unit mass located at (^, rj, f), satisfies a partial differential 
equation. For we find 



32 


Concept of Potential 


Chap. II 


Kz) =iz_?, = _ l+!(!_ziZ. 

dx 

and similar equations for the derivatives with respect to y 
and js. Hence 



This is Laplace^s equation, fundamental in the whole of 
potential theory. For convenience, we introduce the abbre- 
viation 


(28) 




dx^ dy^ dz^ 


97% 

then the potential of a point-mass satisfies the equation 


(29) 


VHI = 0. 


Laplace's equation is a* second order linear homogeneous 
partial differential equation of elliptic type. From its linear 
homogeneous character, it follows that if ui, U 2 , , Um 

are solutions, then any linear combination 


CiUi -f C2U2 + . • . + CmUm 


with constant coefficients a is a solution. Hence the potential 

S — * due to several point-masses satisfies (29) since each term 

of the sum does. Moreover, for the potential due to a body 
mass distribution, we have 


V^U = 




since differentiation under the integral sign is permissible, for 
all points P:(x, y, z) outside the region V where the distribution 
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is located. The same is true of the potential of a surface or 
single layer. 

Likewise, the potential of a double layer satisfies Laplace’s 
equation. To see this, it is merely necessary to note that the 

dn \r / 

entiation in the normal direction, satisfies Laplace’s equation 
in {x, y, s), since 


expression 


in which r), are the variables for differ- 


Correspondingly, in logarithmic potential, we find that 
\ r/ dxA r) 


dx 

and hence 
0 ) 


-4 ' 


dx^ ^ 




Accordingly, for functions of two variables, we define 


( 31 ) 


V*i7 = 


dx^ 


d^U 


Then the logarithmic potential of a point-mass, and accord- 
ingly all the forms of logarithmic potential, satisfy Laplace’s 
equation in the plane, at all points outside the acting masses. 


Art. 6. Behaviour of the Potential at Infinity 

We will next investigate the behaviour of the potential and 
its first derivatives when the field-point P moves off to infinity. 
Consider the potential of a body 


U = 
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Let g and G be the lower and upper limits of the distance r 
from P to the integration points Q of the region V (bounded) ; 
then for all points Q in the volume V we have 


so that 


or 


g ^ r <, G 



r^< 


i 


(32) 


where M = 


"<a< 


M 
g ' 


pdV is the total mass of the body. If now 


the point P moves off to infinity, or P ■> «» where R is the 
distance from P to the origin of coordinates, then g -yco and 
G o) , so that 


(33) lim t/ = 0. 

R -> 

Hence the Newtonian potential vanishes at infinity. More 

G F 

exactly, since — ->-1 and _ ->■ 1 as i? ■> oo and since 

R R 

^<RU<^, 

G g 

we have 

(34) lim (RU) = M. 

J? 00 


This proof assumes that the density p is everywhere posi- 
tive; but in the general case we may suppose that the positive 
portions of the mass and the negative portions respectively 
produce potentials and t/_, and show as above that 
lim (RU^) •> If 4. and lim (RU-.) > M_ where M ^ and 
are the total amounts of positive and negative masses. 
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Then (34) follows by addition. In the same way it can be 
shown that the following inequalities for Newtonian poten- 
tials, and also the limit equations and inequalities for logar- 
ithmic potentials, are valid in the general case. 


Moreover, since 

dU 


dx 


1 — x) 

7 r 


pdV 


and since 


r 


1, we have 


dx 


< 




If we treat J in the same manner that we treated U above, we 
find 


Hence 


dJJ 

dx 


R^J > ikT as i? > 00 . 

for large values of R has a value less than 


some bound C which is independent of R, The same condition 
holds for all three first partial derivatives, which we will repre- 
sent in general by DiU, We have therefore 


(35) 


R^\DiU\ < a 


This condition implies the less sharp result that 0 as 

jR > 00 . The relations (34) and (35) hold of course for the 
potential due to a single mass-point m or to several masses m*, 
and also for the case of a surface distribution of mass. 

Finally, since the denominator in the integral (24*) for the 
potential of a double layer contains r^, it follows as above that 
for a double layer R^U, instead of merely RU, is bounded. 
Hence for the potential of a double layer, 


(36) lim RU = 0. 

> 00 


This result can also be obtained from (34), since the total mass 
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of a double layer is zero.^ Similarly, for a potential C/ of a 
double layer, we find not merely B}\DiU\, but 


(35*) R^\D^U\ < C. 

This is stronger than (35), which is therefore valid a fortiori. 
We may also obtain inequalities as follows: let 


then 



{dm ^ pdV), 


B?w = 



{R — r) — dm. 
r 


But \R — r\ is less than the distance from Q to the origin and 
is therefore bounded. Also r/R^l as jR> so that this 
ratio is bounded, and is indeed uniformly bounded for Q in V. 
Hence R^\w\ is bounded. This is stronger than the equation 
Rw 0 which follows from jR?7->ilfasJ?> oo. Moreover, 


dw 

dx 

dx 




+ — ) dm, 
ri- R> 


dm. 


The first integral is bounded. The second is equal to 


But - 
R 

bounded 


^ 1 and ‘■ 


X 

- 


- R> R^ 


R^ 

= ir-R) 


dm. 


+ R} 


R^ R^ 

Hence the second integral and hence i?® 


is uniformly 
dw 


dx 


is bounded, and hence also R^\Diw\ is bounded. Similarly, 
it may be shown that, for the potential due to a surface 

— , the function w ^ U — — has the 
r R 


distribution, U 


*This follows easily from the definition of the double layer in Art. 4. 
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same properties, namely that B}\w\ and E}\Diw\ are bounded. 
For the potential /7 of a double layer, which has the total 
mass zero, we have already proved that ^nd i2^|Z)iZ7l 

are bounded. 

We turn now to the logarithmic potential, which is 
quite different from the Newtonian potential in its behaviour 


at infinity. For the potential “ jj log — when the 

distance from P to any point Q of the mass is so great that 
r > 1 everywhere, we have 


-U = |!7| - 


log r dm. 


Using the same method as above, we find 

M log g < \ U\ < M log G, 
or 

(37) lim C7 = — 00 ^ 

R •> 00 

which is very different from the result in (33). More exactly, 
since 

IQE and — — > 1 as > 00 , we find-- — - -> if, 


log R 


or 

(38) 


logi^ 


lim 

R> 00 


logR 


U 


, 0,1 


= M. 


We have 


dx 


1 ^ — X 


dm 


dx 


from which it follows easily that R 

eral, for the derivative in any direction, 
(39) R\DiU\ < C. 


is bounded; in gen- 
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The relations (38) and (39) hold also for the logarithmic 
potentials due to point-masses and masses distributed along 
lines. 

For a double distribution (distribution of doublets) 
along a line, the total mass is again to be called zero. From 

the integral U = ds of a double distribution 

J r 

along a line, since r occurs in the denominator, it can be seen 
that RXJ is bounded, and therefore Z7 > 0 as R oo ; this 

is stronger than — ^ ->0. For large values of J?, not 
logi? 

only 2?lJ?iZ7l but also B}\DxU\ is bounded. 

Further relations can be obtained as follows. For the 
logarithmic potential C/ of a distribution in the plane (inverse 
first power law), let 

w{x,y) = 27 — If log — = flog— — log dm. 

jR J J \ r KI 

This can be written 

log — dm. 

R 
s 

f 

Since for all points Q of 5, r/i? -> 1 or log — 0 uniformly, 

R 

it follows that > 0, as J? > oo . It may even be easily 
proved that Rw is bounded. Also, from the equation 

dx JJV r' KV 

, and in general is 

bounded. The logarithmic potential of line or point distri- 
butions has these properties also. For the potential (logar- 


it is easy to show that 
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ithmic) of a double line distribution (mass = 0), it has already 
been shown that C7 > 0 and R^\DiU\ is bounded as jR-> oo. 


Exercises: Carry through the derivation of (35*), that 
R^\DiU\ remains bounded for the potential of a double layer, 


in detail from the definition U = 
d 




dn 


dS by setting 


dn 


' cos (n, x) + 


^ cos {n, y) — ^cos (n, s)! 

r r ) 

d U 

and carrying out the differentiation for — under the integral 
sign. 

Similarly carry out the proof that R^\DiU\ is bounded for 
the potential (logarithmic) of a double line distribution. 


Art. 7. Harmonic Functions. Regularity in the Finite Re- 
gions and at Infinity 

As we have seen, every one of the potential functions 
which have been defined is continuous and indefinitely often 
differentiable at all finite points of free space (or plane),® and 
satisfies Laplace's equation. We will now take this equation 
as a starting point and define : A function U which is continuous 
with continuous first and second derivatives in a finite region"^ G, 
and there satisfies 




dx^ ^ dy‘^ dz^ 


0 , orV^U 1 0 , 

dx^ dy 


^that means: mass-free points. 

is an open connected point-set in space or in the plane. 
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is called a regular harmonic function in G. The function is also 
said to be regular in G. A harmonic function is said to be 
regular at a point if it is regular in some neighbourhood of this 
point. Such a point is called a ^‘regular point” for the func- 
tion. The Newtonian and logarithmic potentials are regular 
harmonic functions at every finite mass-free point of space or the 
plane. We will see later (Chapter 3, Art. 7) that every func- 
tion regular and harmonic in a finite region may be represented 
as a potential function. The concepts are of ^potential” and 
of "regular harmonic function” are therefore essentially equi- 
valent. 

A harmonic function (solution of Laplace’s equation) will 
be called regular at infinity when it is regular in some neigh- 
bourhood of infinity, that is, for all finite points outside some 
sufficiently large sphere, and for i? = 4* ^ , 

satisfies the conditions 

(40) lim RU exists and RWiU is bounded. 

For example, the function 1/R is regular at infinity. The 
three Newtonian potential functions are regular at infinity. 
The limit 

(41) lim RU ^ M 

00 

is called the '"mass'" of the harmonic function. This purely 
analytic definition of the mass of any harmonic function which 
is regular at infinity is evidently in agreement with the con- 
cept of the total mass which produces a Newtonian potential, 
since (4F) holds for all Newtonian potentials. 

In the plane we make the following definition : A harmonic 
function U{x, y) is said to be regular at infinity if it is regular 
outside some sufficiently large circle, and if 

(42) lim U = C exists and RWiU is bounded, 

when R = > oo. We will later (Chapter 8, Art. 5) 
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find that the existence of lim U alone ensures regularity at 
infinity. The conditions (42) are therefore not indepen- 
dent, though the conditions (40) were. Of the logarithmic 
potentials, the potential of a double distribution on a line is 
regular at infinity. 

If for sufficiently large R, 

(43) t/== ikf log^ + 

R 

where M is a. constant and wisa harmonic function regular at 
infinity, then M is called the “mass'’ of Z7. This analytic 
definition is in agreement with the total mass of a distribution 
causing a logarithmic potential. The logarithmic potential of 
a distribution in the plane is regular at infinity if and only if 
its total mass is zero, as is true for double distributions. 

The mass of a Newtonian or logarithmic potential is inde- 
pendent of the coordinate-system, and so is the mass as defined 
by (41) or (43) respectively. 

Since every harmonic function can be represented as a 
potential, and conversely every potential is a harmonic func- 
tion, potential theory is also the theory of the Laplace 
equation. Since Laplace’s equation is the simplest partial 
differential equation of elliptic type, potential theory serves 
as the foundation, the model and the introduction to the 
theory of elliptic partial differential equations. (The general 
linear partial differential equation of the second order 


. d^u d-u , A ^ U . d^u 

^ 11 — + ^ 22 — +^ 33 — + ^ 12 -:— +. . .+ 

dy^ dz^ dxdy 

-Bi— +. + Cu+D = 0 

dx 


3 

is elliptic if the quadratic form S Aij Ui Uj is “definite.” 

t. i = 1 

Compare J. Hadamard, Cours d’analyse, Vol. II, p. 511. 
Paris 1930.) 
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Art. 8, Equipotential Surfaces and Lines of Force 

Let 2 ^ be a Newtonian potential (harmonic function) which 
takes on the value a at a mass-free (regular) point P, then 
the equation 

(44) u{Xj y,z) = a 


determines a surface passing through the point P. Such a 
surface is called an equipotential surface or level surface. It 
has in general a continuous normal and a continuous curva- 
ture, since the second partial derivatives of u are continuous. 
An equipotential surface can only have a singular point where 

the three partial derivatives — , — , — vanish simultan- 

dx dy dz 

eously, i.e. where grad « = 0. When a is given different 
values, the equation (44) represents a one-parameter family 
of surfaces. Only one surface can pass through any point, 
since u cannot have several different values in one point. 

Since u is constant on a level surface, we get — = 0 for every 

ds 

tangential direction Therefore the force- vector (see Art. 1) 


(45) 


F = grad u 


du du du 
dx ' dy' dz 


is everywhere perpendicular to the surface. The lines of force 
are those curves which at each point have the same direction 
as the force there. They are accordingly perpendicular to the 
surfaces (44). They form the orthogonal trajectories to the 
surfaces u = constant. 

Correspondingly, in logarithmic potential, the lines of force 
are the orthogonal trajectories to the equipotential curves. 

For the example of a point-mass located at Q: (f, f), the 

level or equipotential surfaces are the concentric spheres 


r = \/(j — x)^ -j- (y — riY (f — zY = const. 
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The lines of force are the straight lines passing through Q, 
Also in the case of the logarithmic potential of a point-mass, 
the equipotentials and lines of force are concentric circles and 
radial lines. 

The lines of force have the differential equations (compare 
Chapter I, Art. 4) 

/>./>\ j j j bu bu bu 

(46) dx : ay : dz — — : — : — , 

bx by bz 

where dx, dy, dz represents a displacement along the line of 
force; or in the case of logarithmic potential 


(46*) 


dx : dy 


— 

dx 


bu 

by 


Consider the example — y^y which evidently satisfies 

Laplace^s equation. This potential is regular in the finite 
plane. The equipotentials form a set of equilateral hyper- 
bolas. They have in general no singular points. The only 
exception is the degenerate hyperbola, which is formed by the 
pair of lines y = x, y = — x; on them the origin, where 
grad u = 0, is a singular point, and in this case a double point. 
The two branches of the degenerate hyperbola, i.e. the two 
lines, cut each other orthogonally there. 

The lines of force are obtained from the differential equa- 
tion ^ which leads to xy = const. They are likewise 

dx X 

equilateral hyperbolas. 

Exercise : Determine the lines of force for the equipotential 
surfaces u = x^+ y^— 2s^= const. 


Art. 9. Examples and Problems 

We will now apply the theorems derived in the preceding 
paragraphs to calculate the potentials of several mass dis- 
tributions. 
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1. Since the potential of a given mass is defined by a 
definite integral, the potential in the various problems may be 
found by simplifying this integral and evaluating it when 
possible. But it will often prove to be easier to use the fact 
that each potential at points of free space is a solution of 
Laplace’s equation. Some problems will show the value of 
the new method. 

Consider the potential of a mass distribution lying between 
two concentric spheres, when the density is constant or merely 
a function of the distance from the centre of the spheres. On 
account of the symmetry, the potential must depend merely 
on the distance R —'\/x^ + y^ + z^ from the centre, taken as 
the origin of coordinates. We therefore transform Laplace’s 
equation, by setting U = U(R). Then 

dx dR R * 

dx^ dR^' R^^'^ dR\R RU ' 


and corresponding expressions for the derivatives with respect 
to y and z; hence 


dR^ R dR 


j dU r/ T?\ df . 2 Cl df . 2dR 

Let — = f{R) ; then — H / = 0 , H 

dR dR R J R 


= 0 , 


log/+ log const., fR^= —a, / == 


a_ 


and finally, U = ■— + b , 

where a and b are constants. 


Now we must distinguish between the two cases, P 
outside the outer sphere or inside the inner one. In the first 
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case, the condition (34) leads to the evalu- 

ation of the constants, a == M, 5 = 0, so that 


(47) 



For the second case, since the potential must be regular at the 
origin, we have a = 0, so that 

(48) £/ = 6. 

The constant b is determined by evaluating the integral for 
the potential at the origin (compare Chapter 5, Art. 10). 

From (47) it is evident that the potential outside the larger 
sphere is the same as if the mass had all been concentrated at 
the centre. This is hence also true for the force 

-“V 

\ R?) 

Equation (48) shows that inside the inner sphere the force is 
zero, or the mass exerts no force at all on a point inside a 
hollow spherical shell. 

By taking the radius of the inner sphere as zero, the 
above derivation gives the potential due to a complete spher- 
ical distribution, outside the sphere. 

By passing to the other extreme, taking the radius of the 
inner sphere equal to that of the outer one, (47) and (48) also 
yield the potential outside and inside a spherical surface 
distribution of mass of constant density. 

The corresponding problem in the plane is the problem of 
a distribution over the area between two concentric circles, 
attracting by the inverse first power law, when the density is 
a function of the distance from the centre only. Then U—U{R), 
and Laplace’s equation becomes 

d^U , 1 dU 
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Ut the„| + |-0,/.-±, 

Z7 = alog— + J, 

R 

where a and b are constants. If P is outside the outer circle, 

the behaviour at infinity, 27 — M log — > 0, leads to the 

R 

evaluation of both constants, so that a — b ^ 0^ and 
U = M log— • 


When P is inside the inner circle, it is necessary that a =0, 
so that [7 = 6 


Remark. In three-dimensional problems it may happen 
that the potential function is clearly independent of one 
variable, as in the field around infinite straight parallel wires 
or cylinders. Laplace’s equation then reduces to the differ- 
ential equation in two variables; hence logarithmic potential is 
important in electrical theory, where parallel conductors are 
often used. 

2. Homogeneous straight wire AB with mass of constant 
density y (see Chapter I, Art. 3). 

Find the potential U at an arbitrary point P:(x, y, z). Take 
the wire as the a-axis. Let the coordinates of A and B be 
a and b respectively. Prove that 

b 





Vx^ + y2+(z- r)' ’ 


4- (6 — s)2 6 — s 

== 7 log , 

Vp2 + 2)2+ a — 2 

p = \/ ^ 2 ^ y 2 being the distance of P from the wire. 



Art. 9 


Central and Axial Fields 


47 


3. A constant force field is conservative. Example: The 
gravitational field of the earth in a sufficiently small range. 
Let a, hy c be constants and let X = F = Z = c. Find 
the potential, which is a linear function of Xy y, z, 

4. A force field is called '‘central’* if the force- vector 
always passes through a fixed point, the "centre,” and the 
magnitude of the force is a function of the distance r from the 
centre only. Example: The Newtonian field due to a mass- 
point. A central force field is conservative. Let f{r) be the 

magnitude of the force, so that X = f(r) — , F = f{r) — , 

T r 

Z = f{r) — • Show that the equations (6) in Art. 1 are satis- 
fied. Prove that U = f{r) dr is the potential. 

5. If the force vector is always perpendicular to a fixed 
line, the axis, and if the magnitude of the force is a function 
of the distance from this line only, the field is an "axial” field. 
Example: The infinite homogeneous straight wire, attracting 
by the Newtonian law (Chapter 1, Art. 3). An axial field is 
conservative. Let the axis be the z-axis. Introduce cylin- 
drical coordinates x = p cos (^, y = p sin p, z. The magnitude 
of the force is then a function / (p) of p. Determine the com- 
ponents of the force. Prove that U = f(p)dp is the poten- 

27 

tial. In the case of the infinite wire we have/(p) == — Show 

1 ^ 
that Z7 — 27 log — + constant. 

P 

A more general definition is the following: A field is axial 
if the force vector always passes through a fixed line and its 
magnitude depends on the distance from this line only. But 
such a field is not necessarily conservative; e.g., the field F 
= yj (p)), where p = ^x^ + y^, is axial in the above more 
general sense, but obviously not conservative. 
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THE INTEGRAL THEOREMS OF POTENTIAL THEORY 

Art. 1. Gausses Theorem or Divergence Theorem 

We will now obtain the divergence theorem, which is of 
fundamental importance in potential theory. 

Let F be a bounded, simply-connected and finite region of 
space, enclosed by a surface S with continuously turning normal. 
Assume that any line parallel to the :r-axis cuts S in at most 

dFi 

two points. Let Fi and be continuous on V. + S. Con- 

sider the integral 



If we carry out the integration, with y and z constant, in the 
direction of the x-axis, this becomes (it is assumed Xi> Xi) 

[Fi{x 2 r y, z) - Fi(xu y,s)] dydz, 

where the line y = const., z = const, cuts the surface S in the 
points Pi:(3Ci, y, z) and Pa’-te, y, The infinite rectangular 
cylinder erected on the area element dydz cuts 5 in the area 
elements dSi and dS% at Pi and P 2 respectively. Let n be the 
exterior or outward-pointing unit normal to the surface; this 
makes an acute angle with the x-a.xls at P 2 and an obtuse 
angle at Pi, so that we have (Fig. 4) 

dydz = --dSi cos(ni, x), dydz = dS^, cos(n 2 , x). 

The integral then becomes 

[ [[Pi( 3C2, y, z) cos(n 2 , x)dS 2 + Pi(xi, y, z) cos(wi, x)dSi] 


48 
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Fig. 4 


which reduces to a surface integral ; the final result may then 
be written 



j J Fi cos(w, x)dSy 
s 


where the integral on the right is taken over the complete 
surface S. This formula was obtained by Gauss. It is of 
importance that it transforms a volume integral into a surface 
integral. 

The hypotheses of the above theorem may be made much 
less restrictive. If the surface is such that a parallel to the 
x-axis can cut it in a finite number of points = 1, 2, 3, . . .) , 
the number of points will be even since the surface is closed, 
and the outward normal will make alternately obtuse and 
acute angles with the x-direction at the successive points. 
The equation (1) will still hold. Also the region V need not 
be simply-connected; it may be multiply-connected, or it may 
be composed of several unconnected regions Vi each enclosed 
by the corresponding surface Si{i = 1, 2, . . .). The surface 
integral is then to be the sum of the integrals over all the 
bounding surfaces, 



5 
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Of course the theorem also holds for regions such as the space 
between two concentric spheres; here outward normal means 
the normal to the surface pointing away from the volume F, 
i.e. outward from the outer surface and inward from the inner 
surface, and the surface integral is taken over the two bounding 
surfaces. 

The bounding surface S may contain a finite number 
of edges, which divide the surface into a finite number 
of pieces with continuously changing normal direction. Also 
a finite number of singular points on *S are allowable, as for 
example the vertex of a cone. Such a point may at first be 
excluded, by truncating the cone by a plane; the theorem is 
valid for the truncated region, and remains valid in the limit 
as the plane moves to the vertex of the cone. 


In a similar manner, we may obtain the equations 




V 

J J J 


"^I^dV= [ 


J dz, JJ 

S 


Fz cos (fij y)dSf 


Fz cos(n, z)dS. 


By addition of these three equations, we obtain Gauss's 
theorem or the divergence theorem 


( 2 ) 


fdJFy 

\dx 


dy dz ) 


dV = 


{Fi cos(n, x)+ Fz cos(w, y) + Fz cos{n, z))dS. 


where Fi, F 2 , Fz are any three functions continuous in the 
closed region F + S with continuous partial derivatives there, 
n is the outward normal, and the surface (or surfaces) 5 is as 
described above. By defining the vector F = {Fu Fz, Fz), 
this theorem may be written 
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(2^) 


V*FdV = 


n*FdS. 


In the physical application where F is the velocity of flow of 
a fluid (see Art. 2) it is easily seen that the integral on the 
right represents the flow outward through 5 in cubic units per 
unit time. This accounts for the name divergence theorem^ 
and the name divergence for the quantity 


divF = VF + ^ + 

dx dy dz 


Consider now a plane region 5 bounded by the curve C (or 
curves), which is such that C is cut by a parallel to either axis 
only a finite number of times, and C is composed of a finite 
number of pieces having a continuously turning tangent. Let 
S F BF 

Fi, 7^2, — - and — ^ be continuous in the closed region S + C. 
dx By 

Then we may prove in a similar way that 


(3) 

or 

(3*) 


\Bx By J 

II 


{Fx cosin, x) + F 2 cos(«, y))ds 


VFdS = 


n • Fds, 



Fig. 5 
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which may also be written in the form 

(Z**) dS = (Fidy - F^dx). 

In this last form, the line integral is to be taken in such a 
direction that the region S lies along the left side of C, The 
region 5 may be multiply-connected or may consist of several 
unconnected regions Si bounded by curves C*. (Fig. 5.) 

Exercise. By using (3) or (3**), express the area of a 
region in terms of a line integral around its boundary. 

Art. 2. Divergence. Solenoidal Fields 

To substantiate the statement made above about fluid flow, 
it is merely necessary to note that the fluid which flows in unit 
time through the element of surface dS would fill a tube with 
base area dS and altitude Fn where Fn is the normal component 
of the velocity F. Counting flow inward as negative outflow, 
it is then evident that 



is the net outflow in cubic units per second. From (2*), by 
using the theorem of the mean, it is evident that the net out- 
flow per unit time is 


div FdF - (div F)m dv = F- (div F)^, 


where (div F),^ is a mean value of the quantity 

divF-2£i + £i- + ^> 

dx dy dz 


over the region F, or is the value of this quantity at some point 
inside F since div F is by hypothesis a continuous function. 
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By letting V shrink toward a point P, it may be seen that the 
divergence of the field F 3,1 P may be defined as 

n*FdS 

(5) div F = lim 

v>o V 

These considerations make it evident that the quantity div F 
and the two integrals in (2) are independent of the coordinate 
system. The integral on the left in (4) is called “total diver- 
gence’* for the region V, 

If the fluid flowing is an incompressible liquid, and there 
are no sources or sinks (points where liquid is produced or 
destroyed), then the net outflow from any such region of space 
must be zero. It follows that the divergence of the velocity 
must be zero at each point in the region. Conversely, if the 
divergence vanishes everywhere, the net outflow from any 
region is zero and the liquid is incompressible. Hence 

(6) div F = 0 

is called the equation of continuity for the flow of velocity F of 
an incompressible liquid, and expresses the condition of incom- 
pressibility. 

From the divergence theorem, it is seen that the condition 
div F = 0 


is equivalent to the condition 


( 7 ) 


FndS 


n * FdS = 0 


for every closed surface S. 

If the field F has a potential, and hence is the gradient of a 
scalar function U, then 
(8) div F = div grad U = 

so that the divergence of F is the Laplacian of the potential 
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function £/. If U is any scalar point-function, as for example 
the temperature at the points inside any object, then 


(9) 


div grad U = 


is likewise independent of the coordinate system. 

When F has a potential function the divergence theorem 
takes the form 


(10) 


VWdV 


dJl 

dn 


dS. 


The condition for incompressibility in flow of a fluid with 
velocity F becomes Laplace's equation 
(11) V2C/-0, 


or the condition 

( 12 ) 


dn 


dS =0 


for every closed surface S in the field. 

If the given field is a force field, the integral 


(13) 


J « 
5 


is called the flux of force outward through the closed surface S, 
The divergence theorem therefore states : the total divergence 
for a region V is equal to the flux of the force outward through the 
bounding surface S, A force field which has zero divergence 
throughout a region is called a solenoidal field in this region. 
This term has therefore the same meaning as the term “incom- 
pressible" in connection with fluid flow. The flux of force out 
from a closed surface is zero, provided that the surface 
bounds a region throughout which the field is solenoidal. 

Newtonian fields are solenoidal at all points outside the actual 
mass distribution, from equations (11) and (8). Newtonian 
fields' are therefore both conservative and solenoidal. Con- 
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versely, if a force field is both conservative and solenoidal, 
then it has a potential U which satisfies Laplace's equation 
and is therefore a harmonic function. (We will see in Art. 7 
that every harmonic function can be represented as a Newton- 
ian potential. Hence every conservative, solenoidal force field 
may be considered as a Newtonian force field.) 

Consider all the lines of force which pass through the points 
of a given small closed curve. In general they form a tube- 
shaped surface which is called a tube of force. Let such a 
tube of force be cut by surfaces perpendicular to the lines of 
force in two places. This gives a region V bounded by the wall 
of the tube and the two cross-sections Su S 2 , The flux of force 
through the wall of the tube is zero, since the normal com- 
ponent Fn is zero at each point of the wall (the force has the 
same direction as the line of force at each point). If the field 
is solenoidal, the flux of force out from the entire surface of V 
ds zero, so that 


FndS + 


FndS = 0 , 


Si 


Si 


where the outer normal is used on Si and 52. If we reverse 
the normal on 5i, this equation becomes 


FndS 


FndS, 


Si 


Si 


From this we have approximately 


5x(F)i- S^iFh 

where Si and 52 represent the cross-section areas of the tube 
at two places, and (F)u {F)^ are the magnitudes of the force 
at the two places. Hence it is seen that for solenoidal fields 
the strength of the field at various points along a small tube of 
force is approximately inversely proportional to the cross- 
section area of the tube. The smaller the cross-section of the 
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tube, or the closer the lines of force crowd together, the stronger 
is the field. The more the lines separate, the weaker the field. 
The lines of force for solenoidal fields (Newtonian, for example) 
therefore give information about the strength of the field as 
well as its direction. The term “solenoidal’' comes from the 
Greek word acArjv (the tube). 


Art. 3. The Flux of Force through a Closed Surface 


A Newtonian field is solenoidal at all points in “free” space, 
that is, outside the attracting masses. Therefore the flux out- 
ward vanishes in a Newtonian field for all closed surfaces S 
which contain no masses. On the other hand, this is no longer 
true when the surface S contains masses in its interior. We 
will investigate this case. 

First consider a surface S containing a point-mass m at Q 
in its interior. Let T be a small spherical surface about Q of 
radius r, small enough to lie entirely within 5. Since U ^ m/r, 


(14) 


T 




m 

7 


•4xr^= —47rm, 


where n is the outward normal to the sphere T, In the region 
F' between T and 5, the field is solenoidal, so that 


(15) 


Bn 


dS “f" 


d_U 

Bn 


dS =0, 


where the normal is outward on 5, but inward on T. Com- 
bining these equations and noticing the reversal of the normal 
on r, we find 


(16) 


FndS = 
s 





where the normal is directed outward. Now let V contain a 
distributed mass of total magnitude M and density p; let this 
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distributed mass be contained in a region Vi lying entirely 
interior to V, Then U = 


Vi 


— F, where r is the distance 
r 


from the element of mass at Q:(i, f) to the field point 
P:iXj y, z). Hence 


dn 


dS - 


ill' 

Vi 




dn 


dV 


dS. 


Since Q varies in Vi and P varies on 5, the integrand is finite 
so that the integral is a proper one and the order of integration 
may be changed, giving 



But from the consideration of a point-mass above, 



(This is the flux through 5 of the force due to a unit mass at Q. 
See also Art. 7 of this chapter.) Hence 


(17) 


dn 


■ dS = — 47r 


pdV = — 4tM. 


Vi 


It is immaterial whether or not there are also present other 
masses outside 5, because the field due to such masses is 
solenoidal inside S and therefore gives no outward flux from S. 
It is also immaterial if the mass distribution reaches out to the 
surface 5 instead of lying entirely inside it. In this case let 5 
be a slightly larger surface containing S and hence V in its 
interior; then the flux outward through S is — 47rilf. But the 
field is solenoidal in the space between 5 and 5; by letting 5 
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deform continuously into 5, it follows that the theorem (17) 
holds for S. The theorem (also due to Gauss) may be stated : 
the flux of force through a closed surface is — 47rilT, where M is 
the mass contained in S, Of course, the mass is supposed to 
be acting according to Newton’s law. 


Remark: The potential U satisfies (17), and more( 
according to the divergence theorem 





therefore 

J J « 

It is supposed that V^U is continuous in the region of inccg- 
ration. We apply the above equation to the neighbourhood F 
of a point P (inside the masses) and obtain 


F-V2?7 


— 47rw 


or V^U = — 47r— > 
F 


m being the mass of the volume F and V^Z7 a mean value of 
V^Uin V. 


When F > 0, containing the point P, and lim — = r, the 
density in P, it finally follows that 

This is Poisson’s equation. It holds if V^Uis continuous in 
some neighbourhood of P. In Chapter V, Article 3, we 
will see that the condition of continuity is satisfied if t is 
continuous with continuous derivatives of the first order. 


Art. 4. Stokes’ Theorem 

Stokes’ theorem is, from a mathematical point of view, a 
simple application to a curved surface of the divergence 
theorem in the plane. 
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Let S be an open curved surface, bounded by a closed 
curve C. Let S have a continuously changing normal, and be 
cut by any straight line, and hence by any parallel to a co- 
ordinate axis, only a finite number of times. Also let C be a 
closed curve without double points and having in general a 
continuously turning tangent. Choose arbitrarily a positive 
direction for the normal of S, and then choose a corresponding 
positive direction for the boundary C, such that the positive 
direction around C is counter-clockwise when viewed from the 
positive side of S. Also assume that the surface S may be 
represented by a function of the form 

where /(x, y) is defined on the projection T of 5 on the (ac, y)- 
plane and has continuous first partial derivatives there. (It 
has already been assumed to have a continuous normal.) Let 
D be the boundary of T, or the projection of C. The direction 
cosines or components of the unit normal n satisfy the relation 

cos x): cos {n, y): cos (n, z) ^ ^ : —i, 

dx dy 


Now let X(x, y, z) be defined and continuous with continuous 
first partial derivatives in a region of space containing 5. On 
5 this can be represented as a function of (x, y), 

X ^ X(x, y,f) = g(x, y), 


which is continuous with continuous partial derivatives in T. 
From the divergence theorem in the plane, which is valid under 
the present hypotheses, 


dy 


dxdy 


^gdx, 

D 


where the integral around D is in the positive direction in the 
plane. Now j gdx = ^ Xdx because the value of X on C is the 



60 


The Integral Theorems 


Chap. Ill 


same as that of g on D, and also 

3^) 

dy dy dz dy dy dz cos {n, z) 

and dxdy = cos (w, z)dS, since dxdy is the projection of dS on 
T. If we therefore transfer the integration from T to 5, we 
get 

(18) ( — cos {n, y) — — cos (w, 0 ) | = o Xdx. 

J ^ 

By cyclic permutation, we obtain two similar formulas, where 
F, Z are assumed to be continuous with first partial deri- 
vatives. By adding these formulas, we get Stokes^ theorem, 


cos {n, x) + I 


“* 2 ) J = j {Xdx + Ydy + Zdz) 

We can relax some of the restrictive hypotheses on the 
surface S, It is sufficient to suppose S to be composed of a 
finite number of pieces of the kind described above, which join 
along continuous curves with in general continuously turning 
tangents. The formula (19) is valid for each such piece of 5. 
By the addition of these formulas, the line integrals along the 
common edges between neighbouring areas cancel since these 
lines are traversed once in each direction, and the formula (19) 
for the entire area 5 results. 


I cos {n, y) + 


Art. 5. Curl 

If X, F, Z are the components of a vector F, 

0 {Xdx + Ydy + Zdz) = o F*dr 
is the integral already discussed in Chapter II, Art. 1. The 
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right side of (19) is accordingly independent of the coordinate 
system, so that the left side must also have a meaning inde- 
pendent of the coordinate system. In fact, we shall find that 
dZ d 

the integrand — — — . + * of the left side of (19) 
dy dz/ 

is the normal component of a vector. 

Let P : (x, y, z) be an arbitrary point of the field and n an 
arbitrary direction there. Let 5 be a small piece of surface 
through P perpendicular to n, and bounded by the curve C, 
satisfying the hypotheses of Stokes' theorem. Then the 
theorem holds for . this surface and curve, and by using the 
mean value theorem, we find that 


( 20 ) 




cos (n, y) + 


F*dr 


where S has also been used to represent the area of the surface 
S. The left member of (20) is independent of the shape of 5 
and C, hence the right member must be also. Again, the right 
member is independent of the choice of coordinate system, so 
the left member is also. This expression is therefore dependent 
only on the field F and the direction fi. It is, from its form, 
the component of a vector in the direction of the unit vector n. 
This vector is called the curl of the vector field F, and is written 


(21) 


curl F ^ VXF = 



dz 


dz 


dx * dx dy ) 


i, x) + . • • a number is 


Much simpler is the following proof: 

By the expression I j cos {r 

\dy dz / 

dZ d Y 

“associated" with any direction n, the coefficients — — — , 

dy dz 
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etc. of cos (w, x), cos {n, y), cos (w, z) being independent of n. 
Therefore a vector is defined (see introduction, abstract 

definition of a vector), having the components — 

dy dz 

That is the curl. 

Stokes’ theorem can therefore be written 

(22) J J cm\ nFdS = I F* dr 

c 

which is independent of the coordinate system. Here 5 is an 
open arbitrary (but necessarily two-sided) surface bounded by 
the curve C, and curUF is the normal component of curl F. 
The line integral around C must be taken in the proper direc- 
tion, counter-clockwise when viewed from the positive end of 
the normal. 

If the field has the property 

(23) curl F = 0, 
then it follows from (22) that 

<5 F*dr = 0 
c 

for all closed curves in the field. Such a field has a potential 
(Chapter II, Art. 1). The vanishing of the curl everywhere 
in a region is therefore a sufficient as well as a necessary 
condition for the existence of a potential (compare Chapter II , 
Art. 1). 

In hydrodynamics, where V is the velocity of the fluid, the 
integral 

r 

v*dr 

is known as the ' 'circulation” of the fluid along the curve C. 
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If this integral does not vanish when taken around a closed 
curve, the fluid is said to contain a vortex. In this case, 
curl P is not everywhere zero. The name ''curF* signifies a 
rotation or vortex. When the circulation vanishes around 
every closed curve, or curl v = 0, the motion of the fluid is 
said to be vortex-free. In this case a “velocity potentiaF' 
exists, which has the velocity as its gradient. “Vortex-free’’ 
fields in hydrodynamics correspond to “conservative” force 
fields. 


Art. 6. Green’s Formulas 

Let the region V bounded by the surface 5 satisfy the same 
hypotheses as in Art, 1. Let u{x, y, z) and v{x, y, z) be two 
continuous functions with continuous first and second deri- 
vatives in the closed region V + S. In the divergence theorem, 
let F — u grad v, and since 


( 24 ) f.(f 
dn \dx 

we get the theorem 


. dv , dv 

fii-i nz 

dy dz 


= n- 


(25) 




uV^vdV + 


Vu*WdV = 


grad V, 


dv 

u — dS. 
dn 


V V s 

By interchanging u and a similar formula is obtained, and 
by subtraction from (25), we find finally 


(26) 


f / dv du\ 
\\dn ^ dn) 


dS. 


{uVh -- vV‘^u)dV = 

' v~ s 

The identities (25) and (26) are known as Green’s formulas. 
The latter is more frequently useful. 

Since only the first derivatives of u amd v enter in the 
surface integrals, and these only in the direction of the normal, 
the hypotheses mav be somewhat lightened. It is sufficient 
if u and v have continuous second derivatives merely in the 
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interior of the region F, while w, v, — and — remain contin- 

dn bn 

uous in the closed region V +■ 5. To prove this, construct a 
parallel surface Si just inside 5 at a distance h from it, so that 
5i lies in F. (We now assume that 5 is free from singularities.) 
For small enough ft, it is assumed that 5i does not cut itself, 
and hence encloses a volume Fi. Since Fid- 5i lies entirely 
within F, we can apply Green’s formulas to it and obtain, for 
example. 



(uVh - vV^u)dV == 



5i 


Now let the distance ft between the parallel surfaces approach 
zero; then from the assumed continuity properties of w, v 

— and — , we obtain Green’s theorem (26). 
dn dn 

Furthermore, it is sufficient to assume that the second 
derivatives of u and v are merely piecewise continuous in F. 
Then Green’s formulas are valid for each of the subregions 
into which the surfaces of discontinuity divide F. Then by 
addition of these formulas for the subregions, we obtain the 
theorems for the entire region; for because of the continuity of 
the functions and their first derivatives, the surface integrals 
cancel out over the interior dividing surfaces. 

We will obtain some important conclusions from the 
Green’s formulas by specializing the functions u and v. 

By letting t; = 1 in (26), we get 


(27) 


V^udV = 


(28) 


V ~s 

By letting u = v in (25), we get 

diZ 


du 

dn 


dS. 


fl 


(vuydv = 


u — dS 
dn 


uV^ud F. 
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If is a regular harmonic function in F, then since == 0, 
these equations become 


(29) 

and 

(30) 


— (fS = 0 
dn 


{Vu)HV = 


du 

u — dS, 
J dn 


U u and v are both harmonic functions inside the closed 
surface 5, then 


(31) 



dn/ 


We can extend the region of validity of equations (30) and 
(31) for harmonic functions, by dropping the restriction that 
the region V be finite. Suppose V to be an infinite region, 
bounded by one or more closed surfaces S, so that V is the 
region exterior to the surfaces. Infinite regions with infinite 
boundaries, as for example the space between two parallel 
planes, are not considered here. The formulas (31) and (30) 
remain valid for the infinite regions V described, if u and v are 
regular at infinity; the surface integral is taken over the 
surfaces S which form the entire boundary. To prove this, 
let F be a spherical surface of radius R about the origin, where 
this radius is so large that the sphere F contains all the boun- 
dary 5 in its interior. In the region Vi bounded by 5 and F, 
u is regular, and hence from (30), 


{VuYdV = 


Vi 


u — dS "T 
dn 


du 

u — dS, 
dn 


By introducing polar coordinates (spherical coordinates) on F, 
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we have 



du 

u — ao 
dn 


•JO 


sin ddBd<i>, 

0 dn 


Now on account of the regularity of u at infinity, Q and 

•• d%if • 

indeed Ru and R^ — are bounded as i? > «> . Hence it follows 
dn 

that the integral over F has the limit 0 as 2? co . Similarly, 
the validity of the formula (31) for the infinite region V can 
be proved. 

On the other hand, the equation (29) is in general not valid 
for an infinite region V. It was derived by setting z; = 1 in 
Green’s theorem, and the function 1 is not regular at infinity. 
Let G be any large closed surface which contains the entire 
boundary 5 of F in its interior, and let Vi be the space between 
G and S, The function u is regular in this region, and hence 
from (29), 



^“iS + 



dn 


where the normals on both 5 and G are pointing away from the 
region V. By reversing the direction of the normal on 5, this 
equation becomes 


du 

dn 


dS 



du 

dn 


dS. 


Therefore, if the harmonic function u is regular in the infinite 


region 7, then 


— dS has 
dn 


the same value for all closed 


surfaces G which contain S in their interior. The value of this 
integral is -“47rijf, where M is the limit of Ru as i? > oo (see 
Chapter II, Art. 7, eqn. (40)). This will be proved in the next 
paragraph. 
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Let w be a potential, whose total mass M lies inside the 
surface or surfaces 5 ; then u is regular in the region V outside 
5, and it follows from Art. 3 that the above integral ha's the 
value — 47rlf as stated. But we will prove only in the next 
Article that every harmonic function is a''potentiaI. 

In the two-dimensional (logarithmic) case, the corres- 
ponding formulas are valid and are proved in a completely 
similar manner. We designate the formulas corresponding to 
(25), (26), . . . , (31) by starred numbers, as (25*), etc. Thus, 
for example. 


(26*) 

(29*) 


{uVH — vVH)dS = I (u — —V ds, 
} \ dn bn/ 


h—is =0, etc. 
' bn 


Also the extension of (30*) and (31*) to infinite regions in the 
plane can be easily justified. However, in the plane the 
formula (29*) is also valid for an infinite region; the function 
z; = 1 is here regular at infinity. 

Exercise: Verify the formula (29*) by evaluating the 
integral, when u = — ^ {q ^nit circle. 


Art. 7. Representation of a Harmonic Function as a Potential 

In Green’s formula (26), let v = 1/r, where 

r = ^(^ - xY+irj — yY + (f — 2)^ 
taking (?, ??, f) as integration variables and (x, y, z) as para- 
meters. Consider first the case where P lies outside V, Then 
z; is a regular harmonic function in V, so that Vh = 0, and 
we get 

b\ 


(32) 


— V^udV = 
r 


\ u ^ ^ 

\ r bn bn 


\dS. 
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If u is regular harmonic in F, this reduces to 

(33) ff-— = 0. 

JJ r dn dn . 

s 

When P is in the region F, the application of Green’s 
theorem must be made in a different manner. Since P:{x, y, z) 
is a singular point for v, it must be excluded from the region of 
integration. We therefore surround P by a small sphere K of 
radius h and apply (26) to the region F* bounded by 5 and K, 
Afterwards we let > 0. We obtain 



d d 

On K we have r = const. = h, and — = — — since the normal 

dn dr 

is directed outward from F* and hence inward on K, By 
introducing spherical coordinates on iC, we find 

I I — “ — A — sin ^ 0 as > 0, 

jjrdn J J 

since u is regular in .F, and 

rr <t) rr„ 

^ dn “ — dS — — u{ht 0, (p) sin 6 dS dcp 

K K K 


> — 4:TrUp 
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where Up is the value of u at the point P. Wp h f-ViArAfr\rA 

li- ,491, 


(34) 47rwp = 




r dn 


dn 


dS- 


V^udV, 


If u is harmonic in F, we obtain the fundamental formula 


(35) 



which was likewise obtained by Green. This is the third 
Greenes formula. 

If P lies on the surface 5, at a regular point of the surface, 
then 



This is easily obtained by surrounding P with a small sphere 
K of radius h, calling Ki that portion of the sphere lying in 
V and *Si that portion of 5 which lies outside of Ky applying 
(26) to the region bounded by Ki and S\ and letting ^ > 0. 


We note that in the proof the integra 


1 


uQiy dy (f)) sin dd6d<t> is 


taken only over the half of the unit-sphere. 

From equation (35) we can at once see that: the value of 
a harmonic function in the interior of the region V where it is 
regular is determined if one knows the value of the function 
and its normal derivative on the boundary. We remember 

du 

it was assumed that u and -- are continuous on approaching 

dn 
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the boundary S. Furthermore, equation (35) states that: 
every regular harmonic function can be represented as the sum 
of potentials due to a surface distribution and to a double 
layer on the surface.^ (Compare Chapter II, Art. 7, where this 
theorem was mentioned.) A word of warning may be needed 
here. It is not correct to assume that both the value of a 
potential function and of its normal derivative can be arbi- 
trarily prescribed on 5, say as continuous functions there. It 


will later (Chapter VII) be found that merely either u or ^ 

dn 

may be arbitrarily prescribed on S. If one places arbitrary 

du 

continuous functions / and g in (35) for u and — , this integral 

on 

does indeed define a function w which is regular and harmonic 
in the interior of S, But in general when P approaches 5, w 

does not approach the value of / nor does ^ approach g. 

on 


If we put z; = — in (25), we find 


(36) 


v 


du 






djj drj 


af 


dV = 


(1) r4x«p 

— dS + i 2TrUp , 


dn 


i 0 


according to the cases where P is in V, on S, or lies outside 
of V. 

By using Green’s formula (26*) in the plane with 


1 3m 

^Here ^ — is the density of the surface mass distribution and 
is the moment of the double layer. 


4t 
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V = log where r = + (y — 77 ) 2 , 

and u a regular harmonic function of two variables, we obtain 



when P:(x, y) lies outside the region 5, and 



when P lies in the region 5. If P lies on the boundary C, at a 
regular point, we get 


(380 Up 



In proving (38), the point P is excluded from the region of 
integration by enclosing it in a small circle of radius A, and then 

h is made to approach zero. The factor ~ enters here instead 
1 

of the — of (35), since 2t is the circumference of the unit 

47r 


circle. 


Equations (35) and (38) can be differentiated under the 
integral sign as many times as desired with respect to the 
coordinates of P (compare the end of Chapter II, Art. 4), since 
P does not lie on 5 (or C). Every potential or harmonic function 
therefore possesses continuous partial derivatives of arbitrarily 
high order through the interior of its region of regularity. This 
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can be stated in another way, to bring out its significant 
character: if a function has continuous second partial deri- 
vatives in a region and satisfies Laplace’s equation there, it 
possesses continuous derivatives of all orders there. 

Every derivative also satisfies Laplace’s equation, as is 
easily seen, and therefore is itself a regular harmonic function. 

We will now extend the fundamental equations (35) and 
(38) with the necessary modifications to infinite regions. 
For example, suppose that w is a logarithmic potential regular 
outside the closed curve C. Let Khe a circle about P (in the 
region of regularity) of radius R large enough to contain C in 
its interior, then 
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Since w > c as i? -><», this integral has the limit c. Hence 
we finally find 



In the case of Newtonian, potential, equation (35) holds un- 
changed for infinite regions, that is 


(40) 




where u is regular in the region outside the closed surface S, 
P is in this exterior region, and the normal is outward from 
the region and hence inward on 5. The simple proof of this 
result is left to, the reader. 


If we multiply (40) by p = ^2 ^^d let’P:(x, y, z) 

go to infinity, it is easily found that 


lim pu = 


47r 


du 

dn 


dS. 


s 

It is only necessary tonote that pfr -^1 uniformly for all points 
Q on 5, and that 



dn dn 


vanishes like l/p^ with increasing p. By comparing with 
Chapter II, Art. 7 (41), we find that 

= irM. 

Jj dn 
s 

The formula (39) remains valid when u is not regular at 
infinity, but can be represented in the form u = M log 

K 



74 


The Integral Theorems 


Chap. Ill 


where v is regular at infinity. Here u is said to have the 
mass M] in this case c is the value of lim v at infinity. It is 
sufficient to prove that here also the limit of the integral over 
K is c. Since the mass M is independent of the choice of 
co-ordinate system, we can write u under the integral sign in 
the form 

w = M log — + vi, 
r 

thus making P the origin. Then vi-^ c, and 




= 0 + lim vi= c, 

R •> 00 

Art. 8. Gauss’s Mean Value Theorem 

Let P and a sphere K about P as centre lie entirely in the 
region where the function u \s z. regular harmonic function. 
Let us apply the formula (35) to this region. This gives 
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but (letting h be the radius of the sphere) 

' du 


r dn k 


K 


dn 




from (29), and 



so that 


(41) 


Since 


Up = 




udS, 


dS = 47rA^, we can state the mean value theorem : The 


value of the Newtonian potential at the centre of a sphere in the 
region of regularity of the potential is the average of its values 
over the surface of the sphere. 

The corresponding theorem for logarithmic potential is 
obtained by taking a circle K of radius h about P, small enough 
so that u is regular and harmonic in and on the circle. Then 


(42) 


Up = — - ® uds. 
2irhi 
K 


From the mean value theorem it follows that, except for the 
trivial case of a constant, a potential function cannot have a 
maximum or minimum value at any point in the interior of 
the region where it is harmonic, and hence that the extremes 
of a potential function must lie on the boundary of the region 
of regularity. For example, suppose that the logarithmic 
potential u were regular and had a maximum at P; then on 
a sufficiently small circle C about P we would have Uq < Up 
for all points Q on the circle, and the application of (42) gives 
a contradiction. Also, suppose we assume an improper maxi- 



76 


The Integral Theorems 


Chap. Ill 


mum, so that Uq ^ Up holds for some region about F; then 
the application of (42) to small spheres about P shows that we 
must have Uq = Up for all points Q in some neighbourhood of 
P, Then from the analytic character of the potential function 
(to be proved in the next chapter), it follows that u must be a 
constant through the region of regularity. The proof for 
Newtonian potential is exactly similar. 

Hence, except for the trivial case of a constant function, 
a potential regular in the region V can have neither maximum 
nor minimum in the interior of F. 



CHAPTER IV 


ANALYTIC CHARACTER OF THE POTENTIAL 
SPHERICAL HARMONICS 


Art. 1. Analytic Character of the Potential 


We will now prove that; every harmonic function can he 
expanded in a power series in the neighbourhood of any point in 
free space (that is, any point outside the masses producing the 
potential, or any point in the region of regularity of the func- 
tion); in other words, a potential function is a regular analytic 
function at every point in free space. 

We will begin with the expansion of 


( 1 ) 


^ ^ 1 

- iY + {y- vY + (z - f)= ’ 


the potential of a unit mass concentrated in the point i?, f). 
We will expand this in the neighbourhood of an arbitrary 
point 0, which can be taken as the origin.^ Let 

= V + ,2 + f 2 = I and OP = V + 3,2 + 22 = 


we seek a development valid in a small sphere about the origin, 
say the sphere with radius h ^ ^ . We write (1) in the form 

( 1 *) ^ „ — - 

r V P - [(2xf + 23 >j 7 + 22f) - h^] I (1 - 

where 


(2) 


5 = 


2 x ^ + 2^77 + _ h - 

p J 


^Of course, the point O must not coincide with Q. 


77 
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The development in the binomial series 

(3) (l-g)-»=l+ig+^2= + ... = i 

M =S 0 


converges for \q\ < 1. Here the general coeffiHf^nt is 

1-3 .. . (2w-l) (2n)l 


(4) Cn 
Setting 


=(»0 


(-1)” = 


2-4 . . . 2« 


22 ”( m !)2 


f, = 2 1^1 + iyi + w I 

and. noting that y 1, . . . , 1, we have 

^ I P I 8 

Hence finally we have the expansion 

® 7 -tO +!+?!''■+ ■) 


where the dots represent terms of the second and higher orders 
in X, y, z. 

It remains to be proved that the power series in x, y, z on 


the right in (6) is absolutely convergent for A ^ — 
rearrangement is justified. ^ 


so that the 


First of all we have 


and this series of positive terms is convergent ioi h ^ since 
p < ■g-< 1. Moreover, we can write ® 
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j (1 -<■)-» -j[i + i (2 + + 


( 6 ) 


1- 3 

2- 4 


(. . .)^ + 




S b„ 




(m,n,r = 0,1,2,. . .) 

where the bmnr are obviously positive. This rearrangement 
can be made, since all terms in the brackets are positive. And 
the power series in |jf|, |yl, |z| is of course convergent for 

‘ 4 - 


(5*) 


If we write (5) in the form 
1 


= 2 a^nrir 


it is evident that this series is dominated by the series on the 
right in (6) since the two series are derived in exactly the same 
way from (1 — and (1 — py^ respectively, and since p is 
derived from g by replacing the terms of q by their absolute 

values and then replacing — , — , — by 1, which is not 

I t I 

smaller. Therefore indeed \amnr\ = &mnr for all m, n, and r. 

Accordingly (5), or (5*), is certainly valid for h . The 

I ^ 

convergence is uniform in the sphere h:^ — ; for' the domi- 

8 

nant series in (6) is uniformly convergent. This last statement 
follows from the fact that the series in (6) is dominated by the 
convergent series of constant terms 


7 /' 

7V . 

Co + Cl — 4- C2 1 - 


8 \: 

8/ J 


The expansion (5*) is, of course, identical with the Taylor 
expansion; thus 
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dmnr 


1 


mlnlr! 



dx^dy'^dz^ 


(x, y, z) = (0, 0, 0.) 


The coefficients are functions of f , rj^ f . Such an expansion is 
possible in only one way, as is shown in the theory of power 
series. 

The expansion of the potential due to a distribution, 

U= \\\f-dV 

J J J ^ 

V 


where p is bounded and integrable, is now very simple. If 0 
is an arbitrary point of free space (hence outside F), which we 
take as origin, and if h is the smallest distance from 0 to any 
point Q of 7, then the expansion (5) is certainly valid for P 

anywhere inside the sphere S of centre Oand radius , and the 

series converges uniformly for all points P in 5 and all points 
^ in F, because it has a dominating series (6). On account of 
this uniform convergence, we can multiply the series (5) by p 
and integrate termwise over the region F. We thus obtain 
a power series expansion for w, which converges uniformly in S, 


In an exactly similar manner we can prove that the 

Newtonian potential due to a surface distribution, — 
can be expressed as a power series. ^ 

For the potential of a double layer, we need the develop- 
ment of 

a| 




dn 


where the point Q is variable when calculating the derivative 
in the direction n. Now 
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But the three partial derivatives of — with respect to x, y, z 

T 

can be expanded in power series. For example, by differen- 
tiating (5), we get 



— j- 2^22 + 3^23^+. . .) ^ 


and the series in the parentheses is absolutely and uniformly 
convergent for all points P in 5 and Q in F, since it is domi- 
nated by the convergent series (independent of P and Q) 

C1+2C2 (- 1 ) +3^3(1) +... . 

And after multiplying this series by 


I dq _ 2(f - x) 1 
I dx P ' I 


the result is still uniformly and absolutely convergent. The 
rearrangement into a power series in x, y, z can be justified 

as above for— itself. 
r 


Naturally it is possible to prove in a similar manner that the 
higher order derivatives of can be obtained, by termwise 
differentiation, as absolutely and uniformly convergent series. 
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Thus we find that 

<1) 

bn 

can be expanded in a power series, absolutely and uniformly 
convergent for all points P of a sphere about the origin and all 
points Q of the surface carrying the double layer; then by 
termwise integration, we obtain the power series expansion 
for the potential 



of a double layer. 

It is thus proved that any Newtonian potential can be 
represented by a power series; but since we proved that any 
harmonic function is a potential function (Chapter iii, Art. 7), 
it follows that any regular solution of Laplace’s equation is 
analytic (representable by power series) in its domain of 
regularity. 

The series expansion of a harmonic function u has the form 

(7) « = s c^nrX^'y^z^, {m, M, r = 0, 1, 2, 3, . . .) 

1 

m\n\r\ dx”'dy''dz^ (*, y, = (o. o, o) ’ 
and the coefficients are uniquely determined. 

The series can be differentiated termwise arbitrarily often. 
If the development is to be about the point {xq, yo, Zo) in the 
domain of regularity of the function, the expansion is a Taylor 
series in a: — sco. y — yo, z — Zq. 

For the logarithmic potential, a power series expansion of 
the form 

(7*) 


« = S C„„x”*y”, 
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about an arbitrary point taken as the origin, is obtained in a 
similar manner. 

From this series development it follows that: if a function 
is harmonic and regular in V and vanishes at all points in a sub- 
region Vu then it vanishes identically over the whole region V. 
The proof is by the process of analytic continuation, often used 
in function theory. Thus, let 0 be a point in Vi and P an ar- 
bitrary point of y. Construct a chain of circles from 0 to P, 
such that each circle contains the centre of the next one.^ 
Now, by hypothesis, the series expansion vanishes identically 
in the first circle, and therefore in the second, third, etc. 
Hence the potential must vanish at P. 

If two potentials are identical in value over a subregion of 
their common region of regularity, they are identical over the 
whole of this common region, since their difference must vanish 
there. If a potential is constant over a portion of its region of 
regularity, it is constant over the whole region. 


Art. 2. Expansion of — in Spherical Harmonics. Legendre 

f 

Polynomials 


We will now carry through the expansion of 1/r in a modi- 
fied form. Let (Fig. 6) 

'op = Vx^+y^+z^ =p, 'dQ= \/^+V+7" =l , 

'PQ ==V{^-xy+. . . = r 

arid let u = cos a where a is the angle between OP and OQ. 
Hence \u\ 1. We will expand in powers of p. We have 


(8) 


u = cos a 


+yri +zt 
pi 

= cos Q cos 0'+ sin B sin 6' cos (<p 


2The first circle lies entirely in Vi and its centre is 0, the last circle 
contains P. For space, one has to use spheres instead of circles. 
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O 

Fig. 6 


where p, 6, <p and I, 9', ip are the spherical coordinates of P 
and Qj and also 

(9) 2plu + P^ 

so that 



Let 


2pu ^ 


then from (3) we have, for < 1, 



This series is dominated by the series 




(since |w| 1), and this dominating series converges for p suffi- 

l 

ciently small; for example, for ^ ^ » since 



One may therefore rearrange the dominating series in powers 
of p, because the terms in parentheses are positive, and finally 
(compare Art. 1) the terms in (11) may likewise be arranged 
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in powers of p. This gives the series, certainly absolutely 
convergent if p < ^ i 


a.) 


Po{m) + P,{u) ■ + p^{u ) . 


+... , 


if we denote the coefficients, which depend on u, by Pniu). 
In order to calculate Pn{u), we expand the general term from 
( 11 ) 

/2pu k 


""V z 

hence 

( 11 ") 


pj 


C,n S (- 1 )' 


k = 0 
2\-i 






(‘-T + 0‘ = 

2 2 (-1)'^ ----- 
w = o 22”‘(w!) 




From these terms, we must select the terms in ~ which have 

I 

the same exponents, i.e. those for which m+k=^n or m=n-~ky 
and add them together. This gives 


P„(«) = S(-i)* 
* 


(2w - 2k ) ! 

-""((« -fe)!)' 






where k runs through the integers 0,1,2, ... up to [| n]} The 
coefficient h„- 2 k of in Pniu) is finally 


^ _ 1 (- l)*(2K-2jfe)! 

2^{n-k)\k\in-2k)\ 

Thus 


in particular, bn = 


(2n)! 


[|w] means the largest integer contained in Jw, e.g. [J9] =4. 
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(13) 


P„(m) = 


'g {-l)\2n-2kr. 
2^k = ok\(n-k)\{n-2k)l 


Hence Pn(w) is a polynomial of the «th degree in «. It is known 
as a Legendre Polynomial. The polynomials with n even con- 
tain only even powers, and those with n odd contain only odd 
powers of u. We have in particular 

(13*) Po(m) = 1, Pi(w) = u, Pi{u) = |(«2 - 1//), 

Ps(m) =|(m® — |m), etc. 


For later convenience, we will give a different derivation 

of the Legendre polynomials. If we set-^ = v for brevity, 

t 

we have to expand the function (neglecting the factor 1/1) 

(1 -- 2uv + v^)-K 


The polynomial in the parenthesis may be factored ; we easily 
find that 

(1 — 2uv + v^) =(1 — 

since 2w = 2 cos a = e“*+ Hence for | 2 ;| < 1, we have 

(1 -2uv+v^)‘'^‘-={l 

= +. . .) + . . .) 

= Co^+(2coi^i cos a)v + ( 2 coC 2 cos 2(jl+c^)v‘^+ . . . 


Comparison with the series (12) gives 
Pq{u) = cl, Piiu) = 2cqCi cos a, F 2 (^) = 2cqC2 cos 2a + ^ 1 , . . . 


and in general 


(14) Pn{u) = Pn (cos a) = 2coCn cos na + 2ciCn~i cos {n — 2)a 
+ 2^2^71-2 cos (« — 4)a + . . . . 


For n even, the last term is and not 2 In this 

formula the Legendre polynomials wkh argument cos a are 
expressed in terms of the cosines of multiples of a. The coeffi- 
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cients of these sums are all positive; hence the maximum value 
of \Pn{u)\ is obtained when a = 0 or a = tt, that is, when w = 1 
or w = —1. But fgr u = 

(1 — 2UV + = 1 -|- 2; 4. ^ 

1 — 2 ; 

From this it follows that P«(l) = 1 . In a similar manner, it 
is found that Pn(~l) = ( — 1 )”. Accordingly, when u is re- 
stricted to the interval ( — 1, 1), \Pn{u)\ has the maximum 
value of 1 for all n. This fact will be used later. 


We will prove (in Art. 6 and Exercises of this Art.) that 


the derivative — , 
. du 


which is evidently a polynomial of 


degree « — 1 , can be expressed in terms of the Legendre 
polynomials up to order w — 1, by the equation • 


(15) = {2n - l)Pn-i(M) + (2n - S)Pn-z{u) + 

ftu 

(2n - 9)Pn-5(^) +.... 

If we accept this formula at present, it follows that also 

du 

reaches its maximum at 2^ = 1 and w = — 1 , and that this 
maximum is {2n — l)4“(2w — 5 )+. . . , hence certainly 

Therefore in the whole interval ( — 1 , 1 ). 

du 


By differentiation of the above identity, we find 

— " = (2« - 1) + (2m - 5) + . . . 

du^ du du 

d^P (u) 

so that — - < in the interval — 1 u I, Similar 

du‘^ 

bounds are obtained in the same manner for the higher 
derivatives. 
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From (10) and (12), 

( 16 ) f -a 

is certainly valid for — < — • The general term of this series 
I 4 

(17) p^(u)^ F„ix,y,z) 


is a homogeneous polynomial of the nth degree in x, y, z. For 
Pn{u) contains only the powers u'^y . . . and hence 

from (8) contains p only in the powers ^ ^ ^ ^ Hence 

Pn(^)p” contains p only in the even powers p®, p^, p^, . . . . Hence 
Pnp’^ is rational and integral of degree n in Xy y, z. Moreover 
u and hence also Pn(^^) is homogeneous of degree zero. Accord- 
ingly Pn{u)p^ and hence also Fn(Xy y, z) are actually homo- 
geneous of degree n. The coefficients of these polynomials 
depend on ty, 


If we arrange 

(18) Po + Pi + • . . + Pn + . . . , 


according to the powers and products of Xy y, z, we obtain again 
the series development (5*), which is necessarily the Taylor 
series; we have proved before that this converges in a suffi- 


ciently small neighbourhood of 0, say for ~ < 

I 


8 ‘ 


The series (18) converges in a larger region than (5*). 
Since \Pn{i^) 1 ^ 1 for \u\ ^ 1, it follows immediately that: the 

series (18) converges ofisolutely for < 1, that is y for all points 

V 

P in the interior of a sphere about 0 of radius OQ = and it 
converges uniformly for any closed region lying inside this sphere. 
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When — < — , the series (5*) for ~ may be differentiated 
I 8 r 

termwise arbitrarily often. This is permissible also for (18), 

at least for — < — , since the combining of powers and pro- 

l 8 

ducts is naturally permitted. Hence, if one forms the differ- 
ential expression of Laplace, it follows that 

1 = 0 = V'Fo + + . . . + V=F„ + . . . . 


For w ^ 2, V^^Fn of this series is a homogeneous poly- 
nomial of degree n—2. By separating each term of this series 
into its parts, a power series in y, z is obtained. Since this 
series convel-ges in a certain sphere about the origin and has 
the value zero there, all its coefficients must be zero. Hence 
all the terms V^Fn must vanish, so that 

(19) V^Fnix, y, z) = 0. 

All terms of (18) are therefore solutions of Laplace’s equa- 
tion. A homogeneous polynomial which satisfies Laplace’s 
equation is called a spherical harmonic. The degree of the 
polynomial is the order of the spherical harmonic. The func- 
tions Fn{x, y, z) defined in (17) are therefore spherical har- 
monics of order w, and (18) is the expansion of , that is of 

r 

the potential of a unit mass, in spherical harmonics. 

It is now not difficult to obtain the expansion of the 

derivatives of in spherical harmonics. The termwise dif- 
r 

ferentiation, which is certainly permissible in a sufficiently 
small sphere about the origin, gives for the derivative with 
respect to x 
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< 4 )_. . 


dx n dx 


{Pn(u)p-) ^p-Pn(u) 4 - P^Pn M ^ + np^^^xP^iu) 
dx pi p^ 

and since 

li! rs 1, W < 1, \u\ ^ 1, P„(m) ^ 1, |PUm)1 

I p 

— (P„(«)p”) s mV”"* + wV”"*+Mp'‘"‘ ^ SmV""*. 

dx 

The series of absolute values of the terms of (16*) therefore 
has the dominating series 

— 

/2 in-l 

(of constant terms) which converges for — < 1. Hence the 

I 

series (16*) converges absolutely and uniformly in the same 
region as (16) Q%^es. The expansion for 


and of course also for 


-AJIZ and , 

dy dz 

is therefore valid -in the same region as (18). The general 
d dP 

term — {P„ (u) p”) == — - is a homogeneous polynomial of the 
dx dx 
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{n — l)st degree, and hence is a spherical harmonic of order 
w — 1, since it obviously satisfies the Laplace equation. 


It is not difficult to show that also the higher derivatives of - 

r 

may be expanded in the same region in spherical harmonics 
obtained by termwise differentiation. For instance, the 
second derivatives of the expansion (18) are series having the 


P 

dominating series S (asWe from a constant factor). 


Exercises 

1. The recursion formulas for the Legendre polynomials. 


By setting — = z; in equation (12) (Art. 2) we get 
I 


(12*) f{u,v) =(1 — 2vu+v^) ^ = (Po{u)+vPi(u)-i-v^P 2 iu )+ . . . . 
Differentiate with respect to Vy assuming \v\:^a<l. 

f = + • • • • 

dv (1— 2z;z^ + z;^) 

Termwise differentiation is permissible since the series on the 
right converges uniformly (also absolutely) in v for \v\ ^ a 

df 

(remember |Pn(w) 1^1). Accordingly (1 —‘2vu+v^) ^ = (« — »)/ 

dv 

or (1 — 2vu + v^)(Pi(u) + 2vP2{u) +...) = 

{u — v){Po{u) +vPi{u) + v‘^P 2 iu) +...)• 


Write each side of this equation as a power series in Vy compare 
the coefficients of equal powers of v and find 

(A) (n + l)Pn 4 -x(^) ““(2^ + l)^^Pn(^^)+ nPn-i(u) = 0. 
Differentiate (12*) with respect to u 

ef 


V 
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The series on the right converges uniformly (also absolutely) 
in u for ^ 1, if |z;| is assumed to be <1 (recalling that 

\p'niu )\ s n^). 

Therefore termwise differentiation is justified. Accordingly 


or {iL ~ v)(P'q(u) + vP[(u) +v^P 2 {u) +...) = 

v(Pi(u) + 2vP2{u) + dv^Psiu) +...). 

From this find 

(B) uP'^iu) - Pn^iiu) - nPniu). 

Differentiate (A), replace P^_i(w) by its value in (B) and find 

(C) PU,iu) ~ uP'^iu) = (n + 1) Pn{u). 

Infer from (B) and (C) 

(D) P',^,Cu) - (2^ + DPniu). 

Write w ~ 1 for n in (C) 

(C*) ^ P; - = nP,,^, 

eliminate P'^^iiu) between (C*) and (B), and find 

(E) (1 — u^)P[^{u) = nPn^iiu) — nuPniu), 

2. Infer from (E) and (B) the differential equation (27) of 
Article 5 by differentiating (E) and eliminating P^-iM- 

3. Eliminating Pn(u) between (C) and (B) we obtain 

pUi = (2n + i)p, + p;..! or p; - (2n i)p„^i + p;.2* 

From this infer equation (15). 

4. Infer from (13) thatPn(O) = (— I)^ - — ^ 

when n is even, and Pan+iCO) == 0. 2-4 . {2n) 


Art. 3. Expansion of the Newtonian Potential 

From the expansion of (16) and (16*) it is not difficult to 
obtain the expansion of all Newtonian potentials in spherical 
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harmonics. Consider first the potential of a body U = 



V 

where the density r is again assumed to be bounded and integ- 
rable. Let 0 be an arbitrary point of free space, taken as the 
origin, and let h be the smallest distance from 0 to any point 
Q of F. If we take a sphere F about 0 of radius k < h, then 
the series (16) or (18) is absolutely and uniformly convergent for 
all points P of F (i.e., p ^k) and Q of F (i.e., I ^ h), since it 
has the dominating series of constants (remembering that 

\Pn\ ~ 1), y S \ h) ‘ integrated term- 


wise after multiplication by r, and we get 


( 20 ) 




■ dV = Go + + . . . + Gn 4” • . . , 


Gn(x, y, z) = 


rFndV = 


rPnju) 

/n+l 


dF, 


where dV — d^drjd^. 


The series (20) is absolutely and uniformly convergent for 
all points P of P, i.e., for all points of any sphere about 0 
which consists entirely of points in free space. 

Evidently Gn is a homogeneous polynomial of degree n in 
^c, y, 2 , since this was true for Pn, and integration with respect 
to the integration variables t/, f does not affect this property. 
Moreover it is evident that (20) may be differentiated under 
the integral sign arbitrarily often with respect to x, y, 2 ?, the 
integrand being everywhere bounded and arbitrarily often 
differentiable. It follows that G„ satisfies the Laplace equa- 
tion since P^ does. Hence Gn is a spherical harmonic of 
order n. 

In a similar manner the potential of a surface distribution 
can be expanded in spherical harmonics: 
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( 21 ) 



dS = H,+ Hi + ...+Hn + . , 


Hn{x, y, z) = p" 


'\ <rPn{u) 

Jn+1 
J J V 

s 


dS, 


The series is absolutely and uniformly convergent in any sphere 
about 0 which contains only points of free space. 

From equation (16*), and the analogous developments of 



it is evident that the potential of a double layer can also be 
expanded in a series of spherical harmonics, which converges 
in the usual manner, 



= Lo + + • • * + Lm + . . . , 


y, z)=-p^ 


dn 


dS, 


In the differentiation — , 
on 


Vf t) is, of course, the variable 


point. The above expansions (20), (21), and (22) can be 
differentiated arbitrarily often in their regions of convergence. 
The derived series are convergent in the same regions and 
represent the derivatives of the corresponding potentials. 

Having completed the subject of expansion of potentials, 
we can consider the expansion of any harmonic function in 
series of spherical harmonics. However, it is perhaps better 
to postpone this development and base it on the Poisson integ- 
ral (Chapter ix) as this leads to an elegant and simple repre- 
sentation. 
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Art. 4 . Derivation of the Spherical Harmonics in Rec- 
tangular Coordinates from. Laplace’s Equation 

As an illustrative exercise we will obtain the spherical har- 
monics, to which we were led in the series expansion of ~ and 

the potentials, in cartesian coordinates from Laplace’s 
equation. 

Since this is a linear homogeneous differential equation, a 
linear combination kiUi+. . ,+knUn of solutions Ui is a solu- 
tion. This solution is linearly dependent on Ui, 1 ^ 2 , ... , 

It is, of course, sufficient to find the linearly independent 
spherical harmonics. Since spherical harmonics of different 
orders are obviously independent, it is only necessary to find 
ljh.e linearly independent spherical harmonics of arbitrary 
order n. 

We have first as spherical harmonics of order 0 the function 
1, and for order 1 the functions Xj y, 2 . For those of order 2, 
we form the homogeneous polynomial 

F2(x, y, z) = Cix^ + C2y^+ Csz^+ c^yz + c^zx + c^xy, 

whose six terms are linearly independent. Now 

V^jp2= 2(ci+ ^2+ C 3 ). 

For V^F 2 = 0, it is therefore necessary and sufficient that 
C 2 + ^^ 3 = 0. If we eliminate cs, we obtain 

F 2 = ci(x^ — z^) + C2(y^ — z^) + ^:4y2 + Cf,zx + c^y ; 

and this polynomial with 5 arbitrary parameters is a spherical 

harmonic for any arbitrary choice of the parameters. Hence 

we have exactly 5 linearly independent spherical harmonics of 

order 2 : 9222 

y 2 _ 2 ^, xy, yz, zx. 

We proceed in an exactly similar manner for any order n. In 
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Chapter ix, Art. 3, we will prove that there are exactly 2w + 1 
linearly independent spherical harmonics of order n. We now 
give a method of determining such functions. The general 
homogeneous polynomial of the nth degree in three inde- 
pendent variables has — ~ = m linearly indepen- 

2 


dent terms (number of combinations with repetitions of n ele- 
ments of three kinds). Let these terms have the coefficients 
Ciy Cl, , c^. Now the Laplacian of this polynomial 

i.n 1) 

Fn is of degree n — 2, and therefore has A i — = ^ terms, 


linearly independent. The coefficients ii, J 2 , . • . , & « are linear 
homogeneous combinations of the constants Ci, ci, .... , Cm- 
For V^Fn = 0, it is necessary and sufficient that all the coeffi- 
cients bi, bi, . . . . vanish. We get therefore 5 linear homo- 
geneous equations for the m coefficients for Ci. Then 5 of the 
numbers Ci can be expressed as linear homogeneous combina- 
tions of the remaining m ^ s, which therefore remain arbitrary. 
If we eliminate in this manner s of the coefficients Ci of Fn, 
then Fn becomes a spherical harmonic of order n, and contains 
m — s == 2n + 1 arbitrary parameters. The polynomials, 
which are multiplied by these parameters, are the desired 
linearly independent spherical harmonics. 


Example: order n— 3. Here w = 10, 5 = 3, hence w— .y=7. 
Fz = CiX^+ Cix^y + Czxh + C4xy^+ Cz xyz + 

Czxz^+ Ciy^-^r c%yH + c^yz^+ 

Show that 

Fz = Ci{x^ — +C 2 (x^y — 3 ^ 2 ^) +cz{x^z --yH) +Ci(xy^ —xz^) 
+Czxyz+C7{y^ — 3yz^) +ciq{z^ —3yh) 

is a spherical harmonic with 7 arbitrary parameters, and hence 
contains 7 linearly independent spherical harmonics of order 3. 
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Art. 5. Surface Spherical Harmonics. Their Differential 
Equation. Associated Functions 


Laplace's equation in spherical coordinates is^ 




I 1 o u 

P^in2 e ^ 
1 d 


+ 


sin d dd 


(sin d~\ = 0, 
\ dd/ 


For these coordinates, 

X = p sin 6 cos (j>j y = p sin 6 sin (i>, z p cos B. 

If Fn {pc, y, z) is any spherical harmonic of order n, it can 
clearly be written in the form 


(24) Fn(3c, y, z) = pMn(0, <i>), 

where A n depends only on and 6, and indeed is a homogeneous 
polynomial of the w-th degree in the trigonometric functions 
sin 6 cos 0, sin 6 sin 0, cos 6. The functions An are called sur- 
face spherical harmonics of order n. The equation (24) may be 
considered the definition of surface spherical harmonics. The 
entire set of surface spherical harmonics of order n is obtained 
by expressing the spherical harmonics of this order in spherical 
coordinates and dividing by p^. We find : 


order 0; 1, 

order 1: sin B cos <t>, sin B sin cos B, 
order 2: sin^^ sin 2<^, sin^^ cos 2<^>, sin 2B cos cj), sin 20 sin 0, 
1 —3 cos^^, etc. 

The functions An satisfy a linear homogeneous differential 
equation of the second order, which is obtained by substituting 
(24) in (23) and then dividing through by the common fac- 
tor p”^“2 which occurs in every term. This gives 


derivation of this equation is to be found in W. F. Osgood’s 
Advanced Calculus, New York, 1925, page 421, and in other books on ad- 
vanced calculus. 
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(25) ^ + sin 0 — {sin 6 ^ ) + n{n + 1) sm^An^ 0 

d<i>^ dd\ m f 

as the differential equation of the surface spherical harmonics of 
order n. We can therefore define the functions in this manner: 
they are those solutions of (25) which can be represented as 
homogeneous polynomials of degree n in the arguments 
sin 6 cos (pi sin 6 sin </>, cos 9, 

If a surface spherical harmonic Bni9) of the nth. order is 
independent of <^, and therefore a function of 6 only, it follows 
from (25) that it must satisfy the ordinary differential equation 

(26) — fsin + n(n + 1) sin 6 Bn - 0. 

dd\ do / 

From (17) the Legendre polynomial Pn(cos a) is a surface 
spherical harmonic, where from (8), 

cos a = cos 6 cos 0'+ sin 6 sin 6' cos (<^> — (/>')• 

It contains the two variables 9, <j> and the parameters (j>\ 
which, of course, are also spherical coordinates of a point. If 
we take 6' = 0, then cos a ~ cos 9 , and Pn(cos 9 ) is only depen- 
dent on 9 . Therefore it must satisfy (26). If we make the 
substitution cos 9 = u, then (26) takes the form 

(27) f ((1 - ~) + n(n + 1)P„ 

du\ du / 

= (1 — u^)Pn(u) — 2uPn{u) + n(n + 1)P«(^) == 0. 

Accordingly, Pn(u) must be a solution of (27). This ordinary 
linear homogeneous differential equation of the second order 
is known as Legendre's differential equation. It has the singu- 
lar points « = 1 and u ^ —1. It possesses, of course, two 
linearly independent particular solutions. The Legendre 
polynomial can be taken as one of these; the other is dis- 
continuous at the singular points. This may be shown in 
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the following manner: let Qn(u) be a second solution of 

(27) which is linearly Independent of Pn- From 

{{I -u^)P'„y + n{n+ 1)P„=0, 

((1 -u2)Q'„y + «(n + l)Q„=0, 

it follows by multiplication by Q„ and P„ respectively and 
subsequent subtraction that 

e„((l - u-^)P'„y~ P„((l - u^)Qy=^ 0. 

or {(1-«=)(Q„P;-P„(2«)}'=0, 

so that by integration 

Q„P'„-P„Q'„^^^, 

1 u- 

where c is a constant. This constant cannot be zero, since if it 
were zero, we would have 

^ ^ , so that P„(w) = oQ„(m), 

where a is a constant, and Pn and Qn would not be linearly in- 
dependent. Hence it follows that is discontinuous at w = 1 
and u^—1. The second solution is known as a Legendre func- 
tion of the second kind (see Art. 9). 

Since a surface spherical harmonic independent of ^ must 
satisfy (26) or (27), and since (27) can have only one poly- 
nomial solution (except for a constant factor), it follows that 
the Legendre polynomial Pn (cos 6) is the only surface spherical 
harmonic of order n which is independent of (j>. 

In order to find further solutions of (25), ‘we seek to satisfy 
this equation by functions of the form 

(28) An{e,<t>)=Tie)H4>) 

where T and ^ are respectively functions of 6 and only. 
Inserting in (25), the resulting equation can be easily put 
in the form 
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sin 9 (sin dT^Y + n(n+ 1) sin^ 6 -T _ 

T ¥* 

Since the left member of this equation is dependent only on 9, 
and the right member only on both sides of the equation 
must be equal to the same constant. We call this constant 
and obtain 

(29) sin 0(sin d-Ty + [n{n + 1) sin^^ — v'^\T = 0 

and = 0. 

For to be a surface spherical harmonic, and hence single- 
valued on the unit-sphere, it is necessary that O have the 
period 27r, so that v must be an integer, and we will therefore 
make this assumption. Moreover, there is no loss of gener- 
ality to assume that v is not negative. For v == 0, (29) be- 
comes (26), and we obtain again Pn (cos 0). 

Let cos 9 u and Tiff) = wiu) in (29), which then takes 
the form 

(30) (1 — w^'{u) — 2uw'{u) + (n(n + 1) — )z£;(^^) =0. 

\ l—wv 

This equation has a solution 

( 31 ) w ( m ) = , 

where v is limited to the range 1, 2, 3, . . . , w. To prove this, 
differentiate (27) v times, which gives 

(1 - + _ 2tL(v + l)Pi*'+^^(w) 

+ [n(n + 1) - v(v+ l)]Pi^\u) = 0. 

Let the vth derivative F^^(u) = F{u), and this becomes 
(1 - u^)F"{u) - 2(1^4- l)ur{u)+[n{n-^ 1) - i.(i. + l)]P(w) = 0. 
If now {\/l^uyF{u) be substituted in (30), it is easily seen 
that this equation is satisfied. The notation Pn(w) is cus- 
tomary for w{u). We write therefore 

(31*) (Vr^)'pW(«) = P;(m), C*' = 1, 2 n). 
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The functions P^iu) are called the associated functions. One 
has to distinguish Pn{u) from the j/th derivative 


(«) 


d''Pn{u) 

dvr 


R is easy to see that the functions 

(cos d) COS vcp and (cos 6) sin vcj>, 

which certainly satisfy (25), are spherical harmonics of order n. 
For P^"' (cos 6) is a polynomial of the (» — v)th degree of the 

ao cos"'" e + an cos”"'^' 8 + a 4 cos"’’"* 8 + ... 
and if we multiply the second term of this by 

cos^d + sin^0 cos^ + sin^^ sin^0 = 1 , 

the third by the square of this expression, etc., then (cos 6) 
becomes a homogeneous linear combination of degree n — v of 
the three arguments mentioned earlier. Moreover, remember- 
ing that ^ I = sin^^, we have from well-known trigono- 
metric relations that 

sin''^ cos v<i) = sin''^ ^cos''<^> — cos'^'^4) sin^ 0 + * . » 

sin"^ sin v(t) = sin''^ ((l) ^ ^ 3 ^ cos^^V sin^<;)+ . . 

These are therefore homogeneous polynomials of degree p in 

the arguments sin 6 sin (/>, sin 6 cos <!>. Thus P^ (cos 9) 

are homogeneous of degree n in the three arguments. 

We have therefore 2n + 1 surface spherical harmonics of 
order n, namely, 

(32) Pn(cos 6), Pnicos 0) sin v(j), PJi(cos 6) cos p(j>, 

{p = 1, 2, 3, ... , n). 

These are evidently linearly independent. We will show later 
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(Chapter ix) that there are not more than 2w + 1 such func- 
tions; hence every surface spherical harmonic of order n can 
be expressed as a linear combination of the above functions. 
(We can call the functions (32) the standard surface spherical 
harmonics.) 

Remark, The equation (30) has (like (27)) only one solu- 
tion, aside from a constant factor, which remains finite at 
u == 1. The reader should prove it. 


Art. 6. Orthogonality 

One of the most important properties of the Legendre 
polynomials is their orthogonality. Twofunctions/(x), g{x) are 
called orthogonal with respect to an interval a x^h ii the 
definite integral of their product vanishes, i.e. if 
"■6 

\x)g{x)ix = 0. 

J a 

And a set of a finite or an infinite number of functions 
\^ 2 (:r), . . . . is called an orthogonal set, if every function of the 
set is orthogonal to every other function of the set. If ki, 

... is any set of constants, the functions kn i^n (x) = <^n (x) 
evidently form an orthogonal set also. It is well known that 
the functions 


sin nx {n = 1, 2, 3, . . .) and cos nx {n = 0, 1, 2, 3, . . .) 


form an orthogonal set for the interval 0 ^ x ^ since 


'2Tr 


sin nx sin mxdx = 0, 


■27r 


cos nx cos mxdx == 0, for m 9^ n, 


r2T 


and 


sin nx cos mxdx — 0. 


Jo 

If a function F{x) can be expanded into a uniformly convergent 
^‘Fourier series” 


F{x) =ao+aicosx+a ^2 cos 2x+. . .+&i sinr +&2 sin 
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then the orthogonality property provides a very simple method 
of evaluating the ‘‘Fourier coefficients” a„, 

The Legendre polynomials form an orthogonal set of func- 
tions for the interval —1 u ^1, i.e., 


(33) 


•1 

Pn{u)Pm{u)du =0 {m n), 

-1 


This may be proved from their differential equation (27) and 
the fact that, being polynomials, the Pn are certainly con- 
tinuous at the singular points w = it 1 . We find first from (27) 
that 


• ((i - u^)F'„ydu + n{n + 



PmPndu 


= 0 . 


Using integration by parts, the first integral becomes 

P„- ((1 - u^)p'„ydu = P«(1 - M0-P«r 


J-1 


1-1 


ri 


(1 ^u^)PMu; 


the first term on the right vanishes on account of the factor 
1 — since Pm and remain finite Situ = ±1. Hence 

- ' (1 - U^)PmPndu + n(n + 1) PmPndu = 0. 

J-i J-i 


A second similar equation is obtained by permuting m and n; 
then by subtraction, 


[n{n + 1) — m{m + 1)] 


n 


-1 


PnPmdu = 0, 


from which the orthogonality property (33) follows for m ^ n. 
An orthogonal set of functions (t>n(pc) is said to be normalized 
if each function of the set satisfies the “condition for nor- 
mality” 
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For such a “normal orthogonal system’' we have the properties 




4>n<t>mdx = 0 (m 7^ w), 


““ It 


By means of the quadratic condition for normality, the arbi- 
trary constant kn in the equation <j>n ~ kn'^n is fixed except for 
sign, since 

1 

kn 




\kndx 


Since 

-27r 

siti^nxdx = 

Jo 

the functions 


r27r 


cos^nxdx = Tr{n = 1,2,...), 


dx = 27r 


sm nx 


cosnx 


\/ 27r a/t \/ TT 

form a normal orthogonal system for the interval 0 x ^ 2tt, 
In order to normalize the Legendre polynomials, we must 


evaluate 

(34) 


1- 


Fl(u)du. The value of this integral is 


Pn{u)du 


I —1 2 ft -{- 1 

This is easily proved from (12), which for 1 — 1 becomes 

S Pn(M)p” = (1 - 2pU + pT^. 

0 

Squaring and integrating, we find (remembering the property 
(33) of orthogonality) 


n = 0 


2n 


Pldu = 


du 


-.1 1 — 2pu + p2 


^ _ 1^ ' 
2p . 


iog(i - 2pu + p2; 


'L 
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-a 


log(l - pY- log(l + p)‘ 


Iog(l + p) - log(l - p) 


= 2 +— + — +. . . 
3 5 


= s 


n-Q ‘Hfl -f- 1 


•P 


By comparing the coefficients in these two power series, we 
find (34). 

A useful identity is Rodrigues' formula 


(35) 


1 d^{u^ ~ 1 )^ 
2^n ! du^ 


This identity may be obtained by expanding (t^^ — 1)^ by the 
binomial theorem, carrying out the differentiation, and com- 
paring the general term of the resulting polynomial of degree n 
with that of (13). 

Exercise, Infer from (35) that all roots of Pn(^)=0 are 
real, distinct, and between —1 and +1. 

Remark, We mention without proof that equation (35) 
may be derived from the orthogonality of the Legendre poly- 
nomials. 

According to (33) and (34), the functions 

cl>n{u) Pniu) (n = 0,1,2,...) 


form a normal orthogonal system for the interval — 1 1. 

If a function F{u) can be expanded in a uniformly convergent 
series of Legendre polynomials 

F{u) = aoPaiu) + aiPi{u) +fl^2P2(^) +• • . + anPn(w) +. . . 
then the coefficients an can be determined in the Fourier 
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manner, multiplying the equation by Pn(u) and integrating 
the series termwise, which is permissible on account of the 
uniform convergence. On account of the orthogonality pro- 
perty, this gives 

F{u) ‘Pn{u)du = an Pn{u)du 

J-1 J -1 


and therefore from (34), 


(36) 


dn — 


-j- 1 


-1 


F{u)Pn{u)du. 


We note that the Legendre polynomials are evidently 
linearly independent since they are each of different degree; 
and the set of polynomials Po, Pi, Pu • • * , Pn contains poly- 
nomials of each degree. We can therefore obviously not only 
represent the polynomials in powers of w, but conversely we 
can represent w” as a linear combination of the polynomials 
Po,Pl,..., Pn: 

pnPn{u)+ ^7i-lPn-l(w) +. . .+ poPo(u), 

where pn 9^ 0. In fact the solutions of the equations (13) give 
1 = Po(^^), u = Pi{v), ^2= I p^{u) 4- J Pq{u), 

= lPz{u)+ %Pi{u), etc. 

Hence every polynomial of the nth degree can be expressed as 
a linear combination with constant coefficients of Po, Pi,, . . ,Pn, 
that is, expanded in a finite series of polynomials Pn. 

From this it follows that, since Pn is certainly orthogonal 
to every Pm of lower order, it is orthogonal to all the powers 
1, u, and accordingly also to all polynomials 

in u of degree less than n. 

r ' dP 

The derivative Pn(w) = — ^ is a polynomial of degree n — 1 

du 

and can therefore be expressed in the form 

P„(w) = CiPn-^l{u) +. . . + CkPn-kM +• • • + CnPo (u) ^ 
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where the Ck are constants. The “Fourier coefficients” ci, 
, . . , Cn are, from (36), 


2(n — k) + 1 


Pn~k{u)P'„{u)du 


_ 2^ — 2^ + 1 /fp 

2 iL ' 



This last integral is zero, since P'n^k is a polynomial of degree 
less than n, so that 


C, = ^ { 1 - ( - 1)"-^ (-!)»} 

_ jo for ^ even, 

(2w — 2^ + 1 for ^ odd. 

Therefore 

P'M = (2^ - l)i^n^z(^) + (2^ -- 5)Pn-ziu) 4- 

{2n - 9)Pn^i{u) + 

This result is the expansion assumed in (15). 

We will now prove: there is only one set of polynomials 
which (i) contains polynomials of each degree, and (ii) forms 
an orthogonal set for the interval —l:Su (Polynomials 
are assumed equivalent if one is a multiple of the other.) Let 
Qo, Qh ^ 2 , . • . , be a set of polynomials with the above two 
properties. Then must likewise have the property of being 
orthogonal to every polynomial of degree less than n. Let 
Pn = bnU^ + ■ (bn 0) , 

and Qn = dnU^ + + • • • (dn 9^0). 

From these, we form 

R(u^ = dnP n bnQn ~ (dnbn—1 bndn—l)'^^ ^"1“ • • . . 

Now R(u) must likewise be orthogonal to every polynomial of 
degree less than w, and hence must be orthogonal to itself. 

But from [ R}(u)du = 0 it follows that R(u) = 0, so that 
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Pn and Qn differ from each other only by a constant factor. 

The Legendre polynomials are therefore fully characterized 

by the above two properties, aside from constant factors. 

These can be determined by the requirement that <2n(l) = 1; 

-1 

or else by the normality condition Qldu = 1, or the con- 
^ 2 . 

dition that Ql du = , if, in addition, the coefficient 

J -1 2n + 1 

of be chosen positive. 

The Legendre polynomials can therefore be defined by 
means of the expansion (12), or as the only continuous solu- 
tions of the differential equation (27), or, finally, by the above- 
described properties. 

The property of orthogonality is valid also for the associ- 
ated Legendre functions, and may be proved in a similar man- 
ner. Hence for m ^ n, 

(33*) r ii-urPi^\u)P^:Hu)du = 0. 

J-1 


Corresponding to (34), we have 

(34*) r [p;(m)Nm = 

J (n — j') ! 


2 

2w 4“ 1 


The concept of orthogonality can be immediately extended 
to functions of several variables. Two surface spherical har- 
monics An, Am of different order are orthogonal with respect 
to the surface of the unit sphere, i.e., 


^AndS — ^ {m ^ n), 


where the integral is over the surface of the unit sphere. This 
follows, for instance, by setting u = and v = Am 

(u— — u— This formula is 
J \ dn dn/ 

s 

applicable since u, v are regular and harmonic in all finite space. 


Green’s formula 



Art. 7 


The Addition Theorem 


109 


Since — = — , we find 
dn dp 


{p^Anrnp^-^Am- p^Amnp^-^An)dS 

- {m — n)\\AmAndS = 0, 


since p = 1, from which the orthogonality property (37) fol- 
lows. Of course the property (33) may be regarded as a special 
case of (37), obtained by assuming that An and Ar^ are inde- 
pendent of (t> and making the substitution cos 6 = u. 

We will return in Chapter ix to the subject of the expan- 
sion of ‘‘arbitrary functions” in ’Legendre polynomials and in 
general surface harmonics. 

Exercise. We call two sets of functions /o(w) . . . .fn(u) 
and goiu) .... gn(^^) “linearly equivalent,” if each function of 
either set can be represented as a linear homogeneous expres- 
sion with constant coefficients of the functions of the other set. 
Accordingly the sets of Legendre polynomials Pm{u) and of 
powers [m = 0, 1, 2, . . . . w] are equivalent. Prove that 

n 

the coefficient pm in = 2 pmPm{u) which is given by 

m=0 

= u^Pjn(u) du has the value 

2 J~i 

\ n{n — 1) (n — w + 2) 

/ (n + w + l)(n + w — 1). . . (w — w -+-3) 




2m + 1 


for w == n, w — 2, . . . , and 0 for m = n — 1, — 3, . . . . 

(Apply (35) and integrate by parts.) 


Art. 7. The Addition Theorem for Spherical Harmonics 

We will now prove the following identity: 

(38) Pn(C0S a) = Pn(cOS 0)Pn(cOS S') 

+ 22 0)P;(cos d') cos v{4, - </,'). 

^=i{n -\-v)\ 



no 
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Here as in Art. 2, (8) 

cos a = cos 6 cos 0'+ sin 6 sin 6' cos ((^ — </>'). 

Let cos 0 = w, cos 6' = v, <j> -- <i>' — yp, then 

(8*) cos a uv +V^ 1 — 1 -- cos 

and (38) takes the form 

(38*) Pn(C0S a) = Pn{u)Pn{v) + 

2 i i!L:^;p;(«)P;(i,) cos 
(n + j^) I 

The function Pn of the argument cos a, which from (8) is a 
combination of cos 6, cos 6', sin d, sin d\ cos is here expressed 
in finite form in terms of the function Pn and its derivatives 
with respect to the arguments cos d, cos 6' themselves, with 
powers of sin 0, sin d' and the functions cos vxp also entering. 
The formula (38) is therefore known as the addition theorem 
for spherical harmonics. Since 

cos v^p = cos v4> cos ^<^>'4* sin pcp sin v4>\ 
the addition theorem evidently gives a representation of the 
spherical harmonic Pn (cos a) in terms of the 2^ + 1 functions 
(32). We may consider Pn(cos a) as a function of the point 
P:(0, <^)) with coefficients which are functions of Q:{6\ cp'), or 
vice versa. 

To prove (38), we note that the function Pn(cos a) is a 
polynomial of the nth degree of the argument cos \p. It can 
therefore be expanded in a finite Fourier’s series of cosines of 
multiples of xp^ with coefficients which are functions of u and v, 

n 

(39) Pn(cos a) = Co(i^, ^') + 2 2 C„(w, v) cos v\p. 

Since cos a is symmetric in u and v, this property must hold for 
Ci(u, v); for if we permute u, v in (39) and subtract the re- 
sulting equation from (39), we have 

C^iuy v) “• Co(t/, w) + 22 (C(w, ^) — CX'c, u)) cos v\p = 0. 



Art. 7 


The Addition Theorem 


111 


This identity can evidently only hold if the coefficients of 
cos (v = 0, 1, 2, . . , , n) vanish separately, from which the 
symmetry conditions v) = u) follow. 

We now compute the Fourier coefficients 

(40) Cj,(UfV) = — 1 Pn(cos a)cos (j' = 0, 1, . . . , n). 

27r Jo 

It is easy to see that v) as a function of u must satisfy the 
equation (30) ; for Pn (cos a) considered as a function of 9 and ^ 
satisfies 

(25) sin e — ( sin d — " ) + ^ + « (« + 1 )sin2«P„ = 0. 

dS \ 66 J d\l/^ 

On the other hand, by two integrations by parts, 
d^P 

cos vxl/d\l/ = —• Pn cos V\pd\l/ = — 2'Jrv^Cy, 

j 0 6x1/^ J 0 

This remains valid also for j/ = 0, since 

J 0 dxp^ 6x1/ ^ 0 

(Pn being periodic in xp with the period 2'ir), If we multiply 
(25) by cos vxp and integrate from 0 to 27r, we find for as a 
function of 6 the equation 

(29) sin 6 — (sin + n(n + 1) sin^^C,, = 0, 

dd \ 66 J 

and hence, as a function o{ u = cos 6, actually the equation 

(30) . However, from Art. 5 the equation (30) has only one 

solution (aside from a constant factor) which remains finite 
at = 1, namely (a/ 1 — P^'^iu) = Pl{u), Hence C„(w, v) 

must be this function multiplied by a factor dependent only 
on V. But since is symmetric in v, it follows that for 

V = 0, 1, 2, . . . , 

(41) c,(w, v) = a,p;(w)p; (v) 

where is a constant. From (39) and (41) we find that 
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(42) Pn(C0S a) = a^Pn{u)Pn{v) + 2 S a^Pn{u)Pn{^) cos vyl/ 

P=1 

where the constants ao, . . . , have still to be determined. 
For this purpose we make the following remark. According 
to the definition cos $ = u, cos 6' = v, we have \u\ ^1, iz^l^l, 
if 9 and 9' are restricted to real values. But we can lift this 
restriction and can assume that 0, B\ and so also w, v, take on 
arbitrary (real and complex) values. Equation (42) is then 
a relation between analytic functions. It is known from the 
theory of analytic functions of a complex variable that, if a 
relation between such functions holds in any region, however 
small, it is valid in the whole region in which the appearing 
functions are defined (principle of the conservation of a rela- 
tion of functions). Accordingly (42) holds for arbitrary (real 
and complex) values of u and v. We are, therefore, entitled 
to let -> CO and 

Remember (compare Art. 2) that bn = ~ is the co- 

2^(^!)2 

efficient of the highest power in the polynomial Pn(cos a). 
Divide (42) by and let y ■> oo . Then 


Pn(cos a) 


bn lim 

oo 


= bn{u -f- 1 


cos 
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because the highest power of v in has the coefficient 

bn' — 1). . .(n — 3^ + 1). Hence from (42) we get the im- 
portant formula 

{u + iV 1 -m2 cost/-)" = aoP„(«) + 2 s *X — — P»(m) cos i4 

{n — v!) 

or 

(cos B + i sin 6 cos aoPn{cos B) 

+ 22 X — P;(cos 0) cos i4. 

(n — v)\ 


If we divide this by a” and let m , we get 

iniy 


(1 - cos ^)» = aob„ + 22 X&ni' 


[{n-v)\V 
Qo + 22 i-iya. 


2"(m!)2 


» =1 


COS V)j/ 

(2n)! 

2’*K« 


COS vxp . 


But there is an elementary identity 


(1 — COS tf /)^ 


{2n)\ (-m2«)! 

2”(w \y 2”(n -- v)\{n + v ) ! 


which may be proved by mathematical induction, 
parison, it is seen that 




(w — j/) ! 
(n + p) I 


cos 

By com- 


for all Vy in particular ao= 1, which finally proves the addition 
theorem. 

Exercise. Find the coefficients in the expansion of 
(1 — cos 

a) by the Fourier method, h) by mathematical induction, 

/ i± :iisf:\2 

c) by setting 1 — cos xp = 2 (sin -1)^ = — !■( e ^ e ^ J and 
using the binomial theorem. 
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Moreover, we now have 

(u + 1 cos = Fn(u) + 2 S i*' - — - F^iu) cos v\l/ 

(n + p)\ 

or 

(43) (cos 6 + i sin $ cos = P^(cos 0) 

+ 2 ii .. p;; (cos 0) • cos v^. 

V « 1 (w + j') ! 

The left side of this important identity is a homogeneous 
polynomial of the nth. order in the arguments cos sin ^ cos ^ 
(the third argument sin 6 sin V' is missing) » and is thus a 
spherical harmonic of order n. Equation (43) is therefore the 
expansion of this spherical harmonic in terms of the functions 
(32), with the functions P^(cos 6) sin not appearing. On 
the other hand, (43) is the expansion of the function of ^ on 
the left in a Fourier series (finite). The Fourier coefficients 
are Fn{u) and associated functions multiplied by constant 
factors. From this fact, it follows that 


(44) Fn{u) = — I {u + iV cos ^)” d\l/, 
TT Jo 


using the usual way of finding Fourier coefficients. This 
representation of the Legendre polynomial as a definite in- 
tegral was given by Laplace. In a similar manner, we obtain 
for the associated functions the integral representation 

(44*) PJi(w) = ^ I (uA-i's/A — «/2 rofi rn« v^fyd-ify 
TT n\ Jo 


From the addition theorem itself we get in the same manner 


(45) 


Pn(cOS0)Pn(cOS^?') = 


1 


27r J 0 

and in general 

(45*) p;(cos0)p;(coso') = 

27r (n — i^) 1 J 


Fn (cos a)d\p, 


Pn (cos a) cos vypdxp 
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Art. 8. Expansion of the Potentials at Infinity 

We will now expand the potential functions, and also 
harmonic functions which are regular at infinity, in series 
convergent in the neighbourhood of infinity. Concerning the 
definition of regularity at infinity see Chapter ii, Art 7, 

We begin with the logarithmic potential and apply the 
transformation of inversion: 


(46) 

with the inverse 


^2 y2 


y 


y 


(46*) 


X = 


+ yn 


y = 


+ y ^ 


If p =A/x2-i- , then p' = V:x;'2+ /2^ 0, so that the 

neighbourhood of infinity is mapped on the neighbourhood of 
the origin. For the potential of a simple linear distribution, 


spread on a curve C, viz., U = 
follows: 


7 log — dsy we proceed as 
jc r 


Let r2 = (x ~ J)- + (y — 77)2= 2(xf + yy]) +^'+772 

= p2 -- 2(xf + 777) + {p =e+ 

= pMi -2(x'^+y'v)+p'-P}, 

and hence 


log i = log 1 - I log { 1 - (2x'i + 2y'r, - p'H^) } . 
r P 2 

Since — log (1 — z) = ^ ^ ^ ■ 

z o 

holds for I2I < 1, therefore the expansion 
-log { 1 -(2:c'{ +2y„ 

= {2x'i + 2y'r, - p'H^) + 0 + 1 - 

= 2{x'^+y’v)+.... 
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holds for x', y' and hence p sufficiently small. The dots repre- 
sent terms of the second and higher order in x', y' . The separ- 
ation of terms by the removal of parentheses is justified as in 
earlier expansions (Art. 1). Hence 


(47) 

and finally 


log-1 = log — +x'^ +y'ti +. . . . 
r p 


U = log- 


yds + x' 


y^ds + y' 


Jc 


yr)ds + . . . 


^ M log — ^-Ax'+ By'+. . . 
P 


where A and B are constants. Returning to the original co- 
ordinates, 


(48) U = Mlog- +A — ~+B- 

P x^ +y^ 


^2 


+ . . 


= Mlog— + Ui. 
P 


This expansion is valid outside a sufficiently large circle about 
the origin. The series is uniformly convergent and may be 
differentiated termwise arbitrarily often. The function Ui is 
obviously harmonic and regular at infinity. 

In order to get the potential of a double linear distribution 
expressed in a series of the above type, we first note that from 
(47), since p is independent of r;. 



and therefore with constants C, D,, . . 


U - 


5log(l) 

y L ds = . . 

= c ^ ^ 


dn 
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The potential of an area distribution 



a log i dS 
r 


is easily seen to lead again to an expansion of the form (48). 
These expansions are uniformly convergent outside a suffi- 
ciently large circle about the origin ; they may be differentiated 
termwise as often as desired. 

A harmonic function which is regular at infinity may be 
expanded in a series convergent in the neighbourhood of 
infinity. One has to use Chapter iii, Eqn. (39), expressing such 
a harmonic function in terms of line integrals around a closed 
curve. It is necessary to note here that, since the density 

of the mass distribution along the curve is — — — , the total 
mass of this distribution is zero, since ^T^dn 


ikf = - 



- - 0; see Chapter iii, (29*) • 

dn 


Hence it follows immediately that every harmonic function 
regular at infinity has an expansion of the form 


(49) 


u = c 


ax 


+ 


by 


+ y 


+ . 


where c, . are constants. 


We will now prove that the inversion (46) transforms a 
harmonic function u{x,y) into a harmonic function of x', y'; 

d'^u , d-u 


i.e., into a function u 


y j All <x J 

/x' y\ 

VT' ^ 7V 


satisfying 


+ 


= 0. 


ax'2 dy' 

Since u is expressed in (38), Chapter in, in a form which con- 


tains X, y only in the form log — , it is sufficient to prove the 

r 

theorem only for this function, or for the function log (r-). 
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Now 

log (r2) = log { — 2(x^ +yr})+l^} 

= - log p'" + log { 1 -■2ix'^ + y'ri) + p'H^} 

and setting ^ = v', ^ 

log (r^) = — log p'2 — log + log { p'2 — 2 ix'^' +y'-ri') +1'^} . 

Evidently, each term on the right in this equation satisfies 
Laplace’s equation in x', y. 

From the preceding results we can state the theorem: 
A logarithmic potential is regular at infinity if and only if an 
inversion carries it into a potential regular in the neighbourhood 
of the origin. 

The expansion of Newtonian potentials in the neighbour- 
hood of infinity is now not difficult. By using the inversion 


(50) x' - — , y' -1-, z’ = ^ , p = -f z2 _ 


p2 


X ^ y 

p'2’ ^ 


— , z = — , p 

p'2 p'2 ’ 




■('' = 7 )' 


it follows that 


r = V(a: — + (y — ■i?)^ + (z — 

= p Vl - 2(:c'f + y'n + z't) + p'W\ = 0 + r)' + C') 
1 = 1[1 _ 2{x'i + y'n + 2'f) + 


and hence for sufficiently small p', 


1 1 


[1 + 1 {2x'^ + 2y'r, + 2z'r - p'H^) + ] 


1 ^ * _i_ y I z , 

h? 1-17 — + f 

P P P P 
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.i+ji + ,2+f£+. 

P P^ P® 


<-) 

\r / _ X 


dn dn p® dn p® 3 m 


so that 

(51) U = 

(52) F = 


— = f- Ai — + 42 — + As — +. . . 

T p p** p* p** 


<7) 


dn 


d5 = Bi— + + B 3 -+... 


For the potential of a space distribution of mass, the 
expansion is, of course, of the same form as (51). These series 
are uniformly convergent outside a sufficiently large sphere 
about the origin, and may be differentiated termwise there 
arbitrarily often. 

If u is any harmonic function which is regular at infinity, 
and hence is regular outside some closed surface S, then u can 
be represented (Chapter III, (40)) as the potential of a surface 
distribution plus the potential of a double layer on 5. Hence 
it can be expanded in the form 


w £2 w 

p,‘p‘e- 


+ p'(aix' azz^ + ...), 

where lim pu = M. This series is uniformly convergent and 


termwise differentiable arbitrarily often outside a sufficiently 
large sphere. 

An essential difference from the behaviour of the logar- 


ithmic potential is that the function u 






, derived 
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by the inversion (50) from a potential u{x, y, z) , does not satisfy 

Laplace’s equation in y\ z\ On the other hand, — is a 

p' 

harmonic function of x' , y, 2 '. It is sufficient to prove this 

for the special case of the potential ~ . Now 

r 


rp' 


, {p=e+v'^+i^). 


Vi -2(x'i4-yn+2'r) +iv^' 


Let l = r. ■^=v. =f',Vr+v^+r^ = 

then 

_1_ ^ I 

'rp' V(x' - i'Y + {y' - r,'Y + iz’ - r'y 


and this function is evidently harmonic in x\ y\ z'. 

From the foregoing work it may be seen that: A harmonic 
function u{x, y^ z) is regular at infinity if and only if the corres- 
ponding function 


z;(x',y, 2 ') = 





harmonic in x\y',z\ is regular at the origin. 

We will' now discuss the position of extrema of a harmonic 
function regular at infinity. The theorem that a harmonic 
function can have no maximum or minimum in the interior of 
its region of regularity does not in general hold for infinite 
regions of regularity. This can be seen from the simple example 
M . 

u ~ — , since this function has a minimum at infinity. From 
P 
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the above series expansions, it is evident that every harmonic 
function regular at infinity, whose mass if 5*^ 0, has a minimum 
at infinity (or maximum ii M < 0); for it is evident that the 
potential has the same sign as M outside a sufficiently large 
sphere, and vanishes at infinity. On the other hand, it is true 
that : A harmonic function regular at infinity with a mass M = 0 
cannot have an extremum at infinity. This may be proved as 
follows: If u{x,y, z) has an extremum, say a minimum, at 
infinity (of course w>0as p->oo), then the function 

/ yf z'\ 

21 1 — — ) must have a minimum 0 at the origin in the 

\p'2 p'2’ p'V ^ 

(x', y', z')-space; that is, is 0 at the origin and is positive in 

u 

the neighbourhood of the origin. Now not merely w, but also — 

p' 

vanishes at the origin of (x', y', s')-space, for it was assumed 

u u . 

that M = lim pu = lim — = 0. But since — is positive in 

p-yco p'->o p^ 

the neighbourhood of the origin, it must have a minimum 

there; this, however, is impossible since — is a regular har- 

monic function in the neighbourhood of the origin. Hence 
the theorem is proved. 

Just as— was expanded in the neighbourhood of the origin 
r 

in positive powers of p, it can be expanded in negative powers 
in the neighbourhood of infinity. We obtain, since r is sym- 
metric in P and Q, 

(53) - = i Pn{u) ^ = - + Pliu) -L + P2{u) - +. . . 
r w = 0 p^"^^ p p** p^ 

and this series is absolutely convergent for p > /, and is uniform- 
ly convergent for every region which is entirely exterior to 
the sphere of radius I about the origin. The expansion for the 
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derivatives of — are obtained by termwise differentiation of 

(53). '' 

The general term 




pin+l 


is equal to a spherical harmonic of order n, divided by 
Such a function is harmonic. For if w{x, y, z) is an arbitrary 

harmonic function, then v{x' , y', z') 


( x' y' z\ . 
72^ J ,) 


likewise a harmonic function of x', y', s'. If is a homogeneous 
polynomial of degree n in x, y, z then it follows that 


v{x\y 




w{x\ 


1 

p'2n+l 


w(x', y', s'). 


This function is therefore harmonic in x', y', s'. But since it is 
immaterial how the variables are designated, it follows that 


w(xy y, s) 


is harmonic in x, y, s. 


p2n+l 


From the above expansions of — and that of its derivative 

r 



the expansion of the three Newtonian potentials,^ in the 
neighbourhood of infinity is obtained by multiplying by the 
density (or moment of a double layer) and integrating term- 
wise. Each of these potentials may therefore be developed 
in a series whose general term is a spherical harmonic of 
order n divided by These are absolutely and uniformly 


®The potential of a body, of a surface, and of a double layer. 
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convergent in the region outside a sphere which contains the 
distribution in its interior, and may be differentiated term- 
wise as often as desired. Similar expansions are valid for any 
function harmonic and regular in the neighbourhood of infinity. 

Exercise. Prove the following theorem : A harmonic func- 
tion u{x, y) which is regular at infinity can have no extremum 
at infinity. Note that in the two-dimensional (logarithmic) 
case a harmonic function is regular at infinity if and only if its 
mass Af = 0. The mass is defined to be the limit 

lim = M. 

P> oo , 1 

log — 

P 


Art. 9. Exercises concerning Legendre Functions 


We want to apply the theory of analytic functions of a 
complex variable to Legendre functions. Our starting point 
is Cauchy’s integral theorem. 


(54) 


g(«) 


= -Lr 

2Tri J c z — u 


where g{u) is an analytic function of u and C is a closed curve, 
which lies entirely in the region of regularity of g{u) and encircles 
the point u in the positive sense (counterclockwise). The 
derivatives of g{u) are given by 


(55) 


d^g{u) _ 

du^ 




_ r £( 

2wiJ c {z — u) 


zip) 


n+l 


dz [w = 1, 2, . . .], 


Put = g(w), use (35) and (55) and show that 


2^ 


(56) 


Pn{u) - 


_L.l 

27rf 2” 


c (z — 


dz. 


From this we can derive again Legendre’s differential equation 
(27). Show that 
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(1 - u^)P'n {u) — 2uFUu) + n(n + l)Pn{u) = 

n+l[ d 1)^+1 


2^‘^^iriJcdz (z - 

and notice that the integral vanishes, since C is a closed curve. 

The integral in (56) could be used to extend the definition 
of Pn{u) to the case where n is not a positive integer, but we 
shall not study this problem. 

The Legendre function of the second kind Qn{u) is defined by 
(57) Qn{u) = ^ ^ dz 

for all finite points u except the points of the linear segment 


Show that Qn{u) satisfies equation (27), since obviously 
j-idz{z — 


Show that 


rs / \ 1 1 + 1 

Qq(u) = —log - 

2 u —1 

^ . u . u + 1 

Qi(«) = -r log 

2 u — 1 


After we have given a method to derive (27) from (56), it is 
not difficult to find again the recursion-formulas of Art. 2 on 
the basis of (56). Take, for instance, the expression on the 
left side of the formula (C) of Art. 2 and show that it can be 
represented as the integral of a differential quotient. 

We can prove likewise on the basis of the definition (57), 
that Qn{u) satisfies the same recursion-formulas as Pn(u). 

Derive from the validity of the same recursion-formula (^ ) 
of Art. 2 for Pn{u) and Qn{u) that 

(58*) Q„{u) = i P„(«) log^J + Pn-du), 

u — I 
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where ^n-i(w) means a polynomial of degree n — 1. Apply 
mathematical induction. (In the case n = 0 one has to put 0 
instead of pn^iM). 

According to (58*), <2„(w) is defined for all finite points u, 
except for the two points m = 1 and u = — 1. They are sin- 
gular points of Qn(u). 



CHAPTER V 


BEHAVIOUR OF THE POTENTIAL AT POINTS OF THE MASS 

Art. 1. Auxiliary Considerations 

It has been seen that all potentials are regular analytic 
functions at all points outside the masses. We -will now con- 
sider how the potential behaves when the field-point P 
approaches the masses causing the field, or moves in the 
interior of these masses. We will consider this problem in 
detail only for Newtonian potentials; the corresponding 
theorems for logarithmic potential, which may be proved in 
a similar manner, will be merely stated or inferred. 

The potential of a space distribution. 


JJJ r 

V 

exists also when the field-point P is in the mass, i.e. in the. 
region F -b 5. Let the boundary 5 be a closed surface, with 
continuously changing normal. Introduce the spherical co- 
ordinates r, B, </) with P as origin, and the integral for the 
potential becomes 

rr sin Bdrdddct). 

V 


Thus the potential integral is changed by this transformation 
of coordinates from an improper integral to an absolutely 
convergent one (proper integral). This is also true for the 
integrals giving the force field, as for example 
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r(? - x) 


■ sin ddrdOd<t>, 


remembering that 


I? - 3ci 


In order to penetrate more deeply into the subject, we 
must get inequalities for certain integrals. 

We seek an upper bound for the integral 


which is to be independent of the position of P and dependent 
only on the volume V of the region V. Let X be a sphere 
about P as centre, having the same volume V, It has there- 
/3 4:TrP 

fore the radius I = ( — j , since V = . Then we can 

VItt/ 3 


since V 


Then we can 


prove that 

( 1 ) 


jjj f 

V 


irrespective of whether P is inside or outside V or on 5. For, 



Fig. 7 
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let K' be the part of the region V which is inside the sphere K, 
and also let K' stand for the volume of this region. Then 






K -K' 


r 


K' 


'dV , 1 

T+Tj.. 

K-K 


dV 


] j r I 

K' 


{K = V) 


since r / in the region K^K\ Also 



111 ^^ 

K' 


+ 


dV 


JJ r 

V-K' 


r I 


dV 


V-K' 


v-K' 

J J J r / 

K' 


since r ^ I in the region V — K\ Combining these inequali- 
ties, we find 



'{fdv p . 

— = rdr sin dddd<l> = 
JJ r Jo Jo Jo 


/2 

— • 2 • 27r = 27r 
2 



Another inequality which holds for all positions of the 
point P is 


( 2 ) 



This is proved in a similar manner, using 



sin QdrdBd<i> = 4xZ — At 



In the plane, it is found in a similar way that 
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(3) 


r 


2'7r 




where the quantity 5 is the area of the plane region 5. And 
similarly, the more general inequality, valid for 0 < <r < 2, 

VO-/2 

^ 


(3*) 






which contains (3) as the special case cr = 1. 

Finally, we consider the integral 

JJ r 

s 

over any bounded surface S with continuously changing 
normal. By a rotation of the coordinate system, this may 
be taken so that the normal at a particular point Q of 5 is 
parallel to the 2 -axis, and hence cos(n, 2 ) = 1 there. For any 
pre-assigned constant c, satisfying the inequality 0 < <: < 1, 
on account of the continuity of the normal there is a region^ 
about Q such that for all points of this region cos(n, z) 

We assume that the surface S is small enough so that this 
inequality holds over it. Then for this surface 


(4) 


r c Ktt/ 


where 00 is the area of the projection T of 5 on the (x, y)-plane. 
For, let r' be the projection of r on the (x, y)-plane and dci) be 


the projection of dS, 


Then — = cos(n, z), so that 
dS 


dS 


dco 


. do3 


cos(w, z) 


, and also 


iThe portion of S cut off by a sphere about Q is considered here. 
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hence 


r 


I 

c J 


dw 

7 


^ from (3). 


The more general inequality 


( 4 *) 


r^- 


ca 


\ 




is proved in a similar manner. 


(0 < <r < 2) 


Art. 2. Continuity of the Potential of a Body and of its First 
Derivatives 


The potential 


?7 = 


TdV 

r 


is continuous when the field-point P lies inside or on the boundary^ 
oj V. To prove this, it must be shown that, for any pre- 
assigned € > 0, the inequality 

( 6 ) \Up-Up^\<€ 

holds for the distance PP' sufficiently small, where Up and Up' 
are the values of t/ at P and P'. First let P lie inside V (not 
on 5). Let K be a sphere about P of radius b small enough 

< — , and so that K lies inside V ; if 
3 

t| in -4- 5, then this can be accomplished 

if 5 satisfies the inequality 2TrN8^ < — , since from (1), 

3 


so that 


■ dV 


be the maximum of 


^dV 


< N • 27rd\ 


After 5 has been chosen in this way, and thus the sphere K 
fixed, let 
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U = 


-dV + 


^dV ^ + £ 7 ^ 2 ). 


K V-K 

€ I rrn'l I . € 


thenlC/9>'l< - , \U^^)\< SO that no matter where P' is 

o u 

located, 

( 6 ) \U^P-U^^)\< 


2e 


But for the integral P is an exterior point, so that the 
continuity of this integral is trivial, and hence 


(7) \UP-U^P\< — 

3 

for PP' sufficiently small. From (6) and (7) together we 
have (5). 

If P lies on the surface 5, then the above proof can be 
repeated, the only difference being that K is to be that part of 
the sphere inside V. 

The proof of the continuity (for points in V) of 



and of Y and Z is made in a similar manner, making use of the 
inequality (2) instead of (1). From this it does not follow, 
however, that the equation (X, F, Z) = grad U must also hold 
inside the mass. Rather, it is still necessary to prove that 
differentiation under the integral sign is permissible. Enclose 
the point P in a small circular cylinder with axis parallel to 
the x-axis, of radius 3, and length an arbitrary constant, say 1. 
Let P be at the mid-point of the axis of the cylinder. Let Vi 
be that part of V which is in the cylinder, and Vi be the 
remainder of 7; let the integrals over 7i and V% be respec- 
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tively and Then, since P is an exterior 


point of V 2 , 


dx 


= , 


and this equation is valid for P itself and for points inside the 
cylinder, on its axis. Let P' (x\ y, z) be such a point; then by 
integration 


(x, y, z) - U^^\x', y, z) = 


X^^\t,y, z)dt. 




Now it follows from (1) and (2) that > 0 and X^^^ 0 as 

5 -> 0, and this convergence is uniform for all positions of the 
point in the neighbourhood of P, Hence, if we pass to the 
limit, since >> X uniformly, we may interchange the order 
of integration and passage to the limit, so that 


U {x, y,z) - U {x\ y, s) = X (t, y, z) dL 


*x 

J xl 


From this it follows immediately that 


( 8 ) 


W 

dx 


Similarly the corresponding equations for Y and Z are proved. 
Hence: The first derivatives of the potential U of a space dis- 
tribution are continuous in the whole of space, and F = grad U 
everywhere. 


Art. 3. Poisson’s Equation 

In the preceding article, we showed that U and its first 
derivatives are continuous for all of space, in the case of a 
space distribution, under the assumption that the density is 
bounded and integrable and that S has a continuous normal. 
We will now discuss the second derivatives at points in the 
interior of V, We make the assumption that the density 
r has continuous first derivatives as well as being bounded, 
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and still assume that 5 h^s a continuous normal. When P is 
outside E, we can write 


dJJ 

dx 





(r) 


dV + 


1 dr 


dV 




— cos (n, x)dS + 

T 


1 dr 

T ^ 


dV 


by use of the divergence theorem. But this transformation can 
be shown to be valid also for P inside V since all the integrals 
are convergent for such a point. 

Hence for P inside V 


(9) 


dx 


• r 


r d^ 


r cos(n, x) _ 


A{x, y, z)+ B(x,y,z). 
Here A is the potential of a space distribution of density 


d T 


and B is the potential due to a surface distribution of density 
— T cos(w, x) on 5. Thus both .4 and B have continuous first 
derivatives everywhere except on S itself. Hence U nas con- 
tinuous second derivatives. These are given by 


(10) 


dW 

dx^ 




dx 


dx 


d^U 

dxdy 

etc. 


a(— ) c 

f J. 

<-) 


dy 


T COS (n,x) 


T COS {n,x) 


e) 

dx 

<i) 

dy 


dS, 


dS, 
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The second derivatives of the potential of a space distribution 
are continuous at points both outside and inside the mass, but not 
for passage through the surface S bounding the mass. They are 
indeed not defined at points of S, If the hypotheses on r are 
met only in a sub-region V' of V having a boundary with con- 
tinuous normal, we can divide the potential into two parts 


U -= 



— dV + 

^ J J. 

v-r 


— dV= Z7' + U". 
r 


If we restrict P to motion in F', then Z7' has continuous 
second derivatives from (10) while £/" has continuous second 
derivatives because P is outside its region of integration ; hence 
U has continuous second derivatives in F', given by (10). 

- From the formulas (10), we find 





Vr • 


since 



^ = and^(il)=!(L)^ + 

dx dn dn 




at 


cos («, x) + . .• 


From the formula (36), Chapter 3, with w = r, we have at 
once 

(11) VW =-^-47rrp, 

which is Poisson's equation. 

Poisson’s equation is valid for all points P of F (or for all 
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points in any sub-region of V in which the density r has con- 
tinuous first derivatives). 

The potential of a space distribution therefore satisfies 
Poisson's equation at all points inside the massj and satisfies 
Laplace's equation at all outside points. Neither of these equa- 
tions is valid on the boundary. 

Laplace’s equation can be regarded as a special case of 
Poisson’s equation, since it is obtained from Poisson’s equation 
by setting r = 0. Correspondingly, the integral for the poten- 
tial can be considered as extended over all of space, with the 
density r == 0 at all points where there are no masses. Then 
Poisson’s equation is valid in all of space except those points 
where r is discontinuous, or its first derivatives are discon- 
tinuous, and hence certainly with the exception of the points 
of S since r has a finite discontinuity (a jump) on 5. 

Art. 4. Continuity of Potential of Surface Distribution 

We can prove that: The potential of a surface distribution 

u= 

is also continuous at the points P of S. Since a is assumed to 
be bounded, the absolute convergence of the integral U for a 
point P on 5 follows from (4). In order to prove the contin- 
uity of U, we proceed in a manner similar to the proof in 
Art. 2. It is sufficient to sketch the proof. We cut out from 
S a small neighbourhood 3% of P, and call the remainder of the 
surface 52. The corresponding integrals are denoted by 
and then U == By the use of (4), we find 

that — when Si is sufficiently small, and this holds 

3 

uniformly for all P. On the other hand, P is an exterior point 
for 
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Art. 5. Discontinuity of Potential of a Double Layer 

In contrast to the potential of a surface distribution, the 
potential of a double layer is discontinuous at the surface 
carrying the distribution. We will prove that: The potential 
of a double layer, 

(12) !7_rLAliiir.f[!;£2i|£L5)^^, 

J J dn J J 

has a jump in value 

(13) 

on passing through S at P in the direction of n. We recall that 
r is directed from the integration point Q:(f, Vy T) to the field- 
point P:(x, y, z)] for simplicity we make the substitution ^ 
for the angle {r, n), so that 

(12*) U= 

5 

We first assume that 5 is a closed surface and consider the 
special case of a double layer of constant moment /x = 1, and 
hence study the integral 



s .s 


The discontinuity of 0 is easily recognized when the geo- 

. . . cos yj/ 

metric meaning of the integrand — ~ is brought out. We 

r^ 

consider two spheres Ki and K of radius 1 and r about P as 
centre, and let and dA be the areas cut out on these by the 
cone which the area element dS subtends at P. Then it is 

dA 

evident that dA = [cos dS and (fco = ~ , so that 

r^ 
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I cos 1 I dS cos \I/dS 

J — , or 1 — = db Jco 

where the upper or lower sign is used according as the angle 
between the normal and the direction QP is acute or obtuse; 
thus the integrand is the element of solid angle subtended at 
P by dS, Hence it is easily seen that assuming P inside -5 

(150 £2= [jdco = -4x, 

s s 

if the normal is outward from the closed surface S, For, any 
half-ray directed inward toward P must pierce S an odd num- 
ber of times (remember that the surface is closed), as it must 
eventually pass from outside to inside; at the points where 
it enters the surface 5, the integrand of (14) is the negative 
of the element of solid angle which dS subtends at P. (Solid 
angle of a cone is the area it cuts out on a unit sphere about its 
vertex.) At any point where a half-ray toward P leaves 5, 
the integrand reduces to If a ray enters and leaves 5 

several times before reaching P, this gives a contribution 
—doi -h dco — . . . .■\-dcti — do) — -—do) to the integral (14), so 
that this integral has the value of minus the entire surface of 
the unit sphere. 

If P lies outside 5, then (14) has the value 
( 152 ) 0 = 0 , 

since any half-ray toward P must cut 5 an even number of 
times if at all. Finally, if P is on S, at an ordinary point of 5, 
we have 

(ISg) 0 = “27r 

since the elements dco cover half of the unit sphere about P 
(one side of the plane tangent to S). 
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If we permit S to have singular points (finite in number) 
such as the vertices of cones, then when P is such a point, 


( 15 * 3 ) 


Q == — 7, 


where 7 is the solid angle of the tangent cone to 5 at P, Of 
course (Ifis) is a special case of (15*3). The equations (15) 
show the discontinuity of (14) on passing through 5. 

We return now to U = ~ ^ dS; let ix^ be the mo- 

JJ 
s 

ment of the double layer at a definite point .4 of 5; write 
U in the form 


U = 




cos 


dS + 


II 


(m — M'a) cos yp 


dS 


or 

(16) 


U — 


(,M-^A)^dS =/. 


We will show that / remains continuous when P passes through 
S at the point A, Assuming this for the present, and letting 
the subscripts — , 4 , + denote the values of functions on 
approaching 4 from the interior, at 4, and on approaching A 
from the exterior (positive side), we have 

= — 47r , 0-t- = 0, /-_ = /^ = /^. 

Hence if 4 is an ordinary point on the surface 5, 


Z7-+47rMA=f/+= Ua + 2w,x^ 
or 

(17) - 27rMA, + 27r/x^. 

These equations can also be written in the form 


(18) 


C/4 


cf. . 4,,,. i^±±iL- . 


Ua 


2 
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If ^ is a singular point of S, then 

?7- + 4:TfiA = t/+ = + TMA 

or 

(17*) j7^-C/^-(4x-7)MA,t/+=£/^+7MA. 

If the surface is not closed, then we can enlarge S to the 
closed surface S\ extending the definition of ju in any arbitrary 
continuous manner over the added portion of S\ The potential 
U' obtained by integrating over the extended surface 5' satis- 
fies the conditions (17) or (17*); but the potential C/' — Z7 
obtained by integrating over 5* — 5 is continuous at A (if A 
doesn’t lie on the boundary of the open surface S), since is 
not on this surface. Hence the validity of (17), (17*), and 
(18) follows for the potential C7 of a distribution of moment /i 
over the open surface S (if A doesn’t lie on the boundary of *S). 

We will now complete the proof by showing the continuity 


of 



(m — ma) 


cos ^ 

"7^ 


dS 


at the point A, Surround ^4 by a small sphere K of radius 3, 
which cuts off the portion 5i of 5; let ^2 be the remainder of S. 
Let fi and be the portions of / obtained by integrating over 
Si and 52 respectively. Let N be the maximum of |/u — 
on Si, then 

|/j| rr as <iv 

J J j J ' 

Si s 

The integral here is bounded; for let m be the maximum 
number of times 5 is cut by any straight line, then on account 
of, the geometrical meaning of the integrand, we have uniformly 

45rw, 

JJ 
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so that |/i| < 4:TrmN, But on account of the continuity of 
fXj iV 0 as 5 0. Hence |/il may be made as small as we 

please by taking 5 sufficiently small, and this uniformly for all 
positions of P. But /2 is a continuous function in the neigh- 
bourhood of A since the surface 52 does not contain A . Hence 
it is evident that / is continuous at A. 


Art. 6. Discontinuity of Normal Derivative at a Surface 
Distribution 

Let a distribution of density cr (continuous) on a surface 5 
of continuous curvature produce the potential 


(19) 



dS. 


We choose a direction for the normal at an arbitrary 
point A of the surface (not a boundary point if the surface is 
open), and suppose that the field-point P moves along this 
normal. As long as P is not on 5, we can differentiate under 
the integral sign, and obtain 



d U 

We will now investigate the limits of when P approaches 

dfiA 

the surface from the positive or negative side, and designate 
d U d U 

these limits by — - and — We will show that: the nor- 
dn^ Sha 

mal derivative has a jump 


( 21 ) 


dJU _ ^ ^ 
dn^ Bua ^ 


when P passes through the surface at A in the direction of . 
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We have 


dr dr dx . x — ^ . . . 

= — — + • • • = — — cos (flA^x) + . . . 

dn^ dx dfiji r 

= cos(r, x) cos (fiAy x)+. . . = cos(n^, r) 

(r= {x )), 

-(i) . , , 

-T — - = “ (wa, r), 

dfiA 


so that 
( 20 *) 


dU 

dfiA 


- cos (nAfr)dS. 

ri 


Introducing the normal tIq at the integration point Q, we 
can write 


( 22 ) 


dU 

dfiA 


. cos {uq, 0 r L cos {fiQ , r) -cosjnA , r) 


^Ui+ C/2. 


Here the first integral Ui is the potential of a double layer of 
moment —<r and hence from the preceding article we have 

(23) Ui+^E - 2w(rA. C/i- = £ + 27r(rA, 


where 


E 



cos(fQA, nQ) 


^QA 


dS. 


We shall complete the proof of the theorem by showing that Ui 
is continuous as P passes through 5 at i4. 

Cut out a portion Si of 5 by a small sphere of radius 6 
about A , and let ^2 be the remainder of S. Then 



142 


Behaviour of the Potential in the Mass Chap. V 


Let N be the maximum of lo-l on 5, then 



Si 


sin 

• f 

S2iV — 

Si 


|a-/3| 

2 

r* 


dS. 


By drawing through Q a line parallel to we have at Q a 
vertex at which three faces meet with the face angles a, /3, and 6, 
where 0 is the angle between and Hq. Hence 0 S: |a — i3| , 
so that 

iFil :£ax 

Si 

since 0 is a small angle when Si is small.^ To simplify this, 
assume that A is the origin of coordinates with the 2 -axis in 
the direction n, then for a small region such as Si the equation 
of the surface may be written in the form f = r;). (On 

account of the continuous curvature of S the function f 
has continuous derivatives of first and second order.) Then 
the third direction cosine of Hq is 



< , a*. 


is a positive constant, as, later, are 



Art. 6 Normal Derivative at a Surface Distribution 


143 


so that 


/CiO’+C-D" 


Since at the origin A we have evidently — = =r o, we get 
by Taylor’s formula 


i£ - , 0 < a < 1, 

d^drj 


so that 

1 ^ 


'■ ^2 (1^1 + hi) < 2a2f, and similarly 


drj 


< 2^2^; 


because the second derivatives, being continuous, must be. 
bounded in the closed region 5i, and evidently 

\i\ < r = VF+TTC^'^^, etc. 

Hence sin d < so that 

'3a2r 


\F,\ 


ffi 


Si 


az 


Si 


r 


■dS 


and from (4), this integral may be made as small as we please 
by making 5 sujfiiciently small. But F2 is continuous, so that 
the change in F2 may be likewise made as small as we please 
by taking P sufficiently close to A. Hence U2 is continuous, 
completing the proof. 

The equations (21) and (23) can be proved under lighter 
hypotheses on the surface S. Using the same axis system as 
above, introduce cylindrical coordinates ^ = Z cos <55>, 77 =Z sin <i), f 
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and assume that the surface in the neighbourhood of the origin 
A can be expressed in the form 

t = 4>) , /3>0, 

where g has bounded first partial derivatives. (This hypo- 

thesis was fulfilled above with = 1.) Now 

I dl P 3(j> dr] I dl P d(l> ’ 

iT = (1 + ^ = 

dl dl d<j> 

dt fit 

From this it follows that — < aJP, — <a 4 Z^;and hence 

dr] 

sin 6 < asf < a&r^y since obviously I 
We thus obtain |Fil < 

Si 

which may be made arbitrarily small with o, from (4*). 




5 
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we obtain the two equations 


dU. 


( 21 *) 


dU- 

dUA 


+ _ 


= -2x<r^- 


= 2x0-4 — 


C0S(W^, Tqa) 
Tqa 

cos(wa, Tqa) 
rQA 


From these follow not only equation (21) of our theorem but 
(21**) I ( = - [ [ (”A. ^Qa) 

“"ydnA dnA/ JJ Tqa 


Art. 7. Normal Derivative of Potential of a Double Layer 

We will next investigate the behaviour of the normal deri- 
vative of the potential 


U ^ 





of a double layer of continuous moment fi at points in the 
neighbourhood of 5. Assume at first that S is closed, has 
continuous curvature, and that n is directed outward. Let 
Pi and P 2 be points on the negative and positive sides of 5, 
located on the normal at a particular point A of 5 at equal 
distances B from A. Then we will first show that 

(24) (— ) -(— ) >0as3>0. 

\dn/p, 

Of course it does not follow from this that the separate limits 

of ( ) and (^] exist. However, we will prove later 

\dn/Pi \dn/Pt 

that this is true under more restrictive hypotheses on ju. Of 
course it does follow from (24) that if one of the separate limits 
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exists, then the other must also exist and must have 

\dn/Pi 


the same value. 


For the proof we again assume that the point A and the 
normal at A are the origin and direction of the sf-axis respec- 
tively, so that the (a;, y) -plane is tangent to 5 at The 
potential at points P:(0, 0, s) on the normal then becomes a 
function of z, say 


(25) 


17(0, 0, 0 )= F{z). 


Then we wish to prove that 

(24*) F'{z) ~ F'( - 2 ) 0 as 2 > 0. 


We can assume without loss of generality that ii vanishes at -4, 
since 


U = 



(m — Ma) 



dS; 


the first integral here has the value ■“47r/x^ at all inside points, 
and the value 0 at all outside points, so that its normal 
derivatives are both zero and hence satisfy (24). The second 
integral is the potential of a double layer which has the moment 
0 at il. 

The equation of the surface in the neighbourhood of A can 
be written 

(26) f 


where this function has continuous second partial derivatives. 

Then at the origin we have { = ^7 = ^(0, 0) = — = ~ = 0 
so that 


■ ee 


-f 2^77 4- „2 u^, ar)) 

d^dv dri^ 


,0<a<L 
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Introducing cylindrical coordinates 

4 = Z cos 0, j) = i sin <#), f = 

it is evident that for a sufficiently small b, there is an M such 
that 

l^fl 


(27) 


in <PM, 


dl 


< IM, for 0 < I ^b- 


The value of b will be fixed later. Let Si be the part of 5 near 
A for which I ^ b and let Si be the remainder of S, and let 

cos (r, n) 


(28) U 


11 

Si 




■dS= Ui + Ui. 


s. 


a V a> 

Since for the normal at Q we have Wi : n2 : ns = — 

drj 

then cos (r, n) dS = \ ni • ^ ^ + ^2 * ^ ^ + nz • ^ ^ 


, r 

)=\ fi 

(^-x)^ + iv-y)^+z-t 
drj 

v-(s)’n0 


dS 


dS, 


then 




r (? -»:)^ + (17 - 3 ')^ + z 
/X d^difj, 


where the integration is over the projection of Si on the (x, y)- 
plane. Hence, for P on the 2;-axis this becomes 


(29) Fi(s) = 


$— + j7-+2-r 

dr] 


d^dri = Ui (0,0,2), 


or 


(29*) 


Fi(z) 


n— yldld<t>. 
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For compactness we let g = 




; then 




rio 

= Idl 
J 0 


ligd<t> 


(29**) 
and hence 

(30) F[{z) = \‘ldl\"n^d<l,. 

Jo Jo dz 

Let ro = 's/p- + 2 ^ , x = — — 1, and recall that 
r^Vp + {z-i)K 

When the point Q:{^, f) approaches the origin, we have 
f ■> 0, f > |2;|, ro > \z\ so that r ■> ro, and X -> 0. Finally define 
N by the equation 


ro« 


= 1 


N\, 


Since — = 1 + X, we have 
ro^ 

5 


/-I I 

I 


\— 6/o 


for jXl < 1, from which it follows that iV > — ; hence if U and 

2 

therefore X is made small enough, we will have 2<N<3. 

We now investigate the integral 
2^2 


(31) n(z) 


2t 72 

l- 


- iidld<t> = 


JoJo \^z 

and need therefore an inequality for 




2z^\ 


/ 


iJkdld<l > , 
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l(^ - = I f 22=1 - f) af 

r„» / L J ^Tl' 


Now 


3i=if I 

r= dl /s 
3^=2 dj 

Tl 


< 31f= from (27); 


3|2|Jlf 4\z\M 


ro^ 


• T 

since, for — > 1 , we can choose Iq small enough so that 


r 0 ^ 4 /. 

^ <i <h. 

Moreover, 

, p- 2(2-1-)^ f=-22=1 

L »•' ro« J 

= - 2(2 - i-)=)(i - m) - /=+ 22=] 

= -N\(/= - 2(2 - f)=) - 2f= + 42f] 

[N{1^ - 2(2 - C)2) + 2ro=], 
ro 


since - 2f= + 42f = - 2(r= - r„=) = - 2\r,\ Now 

iV(f= - 2(2 - f)2) + 2ro=< 2ro=+ 2N{P-\-{z - f)=) 

= 2ro®+2iVr=< 2ro=+6r=< 9ro^ 

for, since 1, we can assume that-^ < — for h sufficiently 

ro= 6 

small. From this it follows that 


,p“-2(2-f)^ f=-22=1 


9/|X|ro^ 
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if we note that 

IX! 


ir — ^1 < ■— < MH-^ + 2M\z 


r<f 


< MVo® + 2M\z\ . 
From the above results, we find 


I 


/dg P-2z‘ \ 
\ dz ro' / 


<3M2 


40 


<'0'“ 


+ 9^M2 + 2M^^ 


< 12M2 + 24ikfi 




Hence 


f;(0) 


< Mji 




2^ 


OJ 0 


ixdld<j> < 


T'( 

oJo \ 


12Af® + 24Af J \ij.\dld4> 


0 i 


12ilf2 

Vof 


0. 


'2r 


dld<t> + 24M 


r^o 


r2r 


0 r z' 


’ dld(f^ 


where is the maximum value of |/ij in Si. But 


0 4- 0' 


dl < 


0 Z‘=+0" 


dl 


=r- 

Jo 1 


dt 




since \z\ 9^ 0. We get finally 
(32) 


F[{z) - 

’/o 

•2ir 72 _ 0-2 

1 r ixdld4> 

•J 

0. 

0 U 


= arc tan 00 


< 


where c = 48ikr%Zo+ 4SM7r^. Exactly the same result is 

/2 _ 2js2 . 

reached if we replace 2 by — z, since I — is an even func- 




tion of z; hence 
(32*) 


M 

T 

1 

Vo 

rv^ -f,dm 

1 J 

0. 

0 K 


< 
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By combining (32) and (32*), we get 

(33) ~Fi'(-0)l 

Now it is easy to prove (24) or (24*). Given an arbitrary 
positive €, we first choose h small enough so that the maximum 

ixm of |/i| on *Si satisfies the inequality c^Lm < ~ , which is pos- 

2 

sible because is continuous and vanishes at A, and c is 
•bounded no matter how small I may be. It follows that 

lFi'( 0 ) -- 75'/(-2)|< J-, for 0 5^0. 

But for F>^{z)y A is not on the integration surface, so that 
F^iz) is continuous and we can find a h small enough so that 
for 0 ^ ^ 5, 

We finally obtain for 0 < Is] ^ 5 

(34) 1^(0) -n-^)l <e, 
the desired result. 

In case S is an open surface instead of closed, we proceed 
as before to extend it to a closed surface with the definition 
of IX extended over it in a continuous manner; it is then seen 
that the equation (24) is valid for open surfaces as well as for 
closed ones. 

We now assume that the moment ix on S is not merely con- 
tinuous, but that it has continuous first and second derivatives. 
Then the normal derivative of the potential of a double layer 
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approaches a limit as P approaches the surface from either side 
at any point A not on an edge of the surface S. From the pre- 
ceding result these two limits must then be equal. 

To prove this, suppose that P lies on the positive side on 
the normal at and surround -4 by a small sphere which 
contains P in its interior; designate that portion of the volume 
of the sphere which lies on the positive side of S by F, and let 
S' be the total surface of the volume V. S' consists of a part 
5i of S in the neighbourhood of Ay and a part S of the surface 
of the sphere. Suppose that the function which is defined 
on S is extended into the space F, so that this extended func- 
tion has continuous second derivatives. In other words, we 
use a function defined in F with continuous second deriva- 
tives, which becomes the given function /ul on Si, For example, 
the function could be extended in such a way that it remains 
constant along each normal, or on parallels to the normal at 
By applying Green’s formula (34) of Chapter III to the func- 
tion fx and the volume F, we get 



Being the potential of a continuous space distribution, 
>5- W^F has continuous derivatives everywhere, and so 


does the function — 47r/x(P) and the function 




dn 


dS 


since A is not on the surface 5- Also the potential of a surface 
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distribution 


dS has from Art. 6 the property that the 


normal derivative has a limit on approaching the surface. 
Accordingly this follows for the one remaining term 



as we wanted to prove. Likewise the normal derivative of U 
has a limit when P approaches A from the negative side; and 
these two limits are the same. 


Art. 8. Analogous Theorems for Logarithmic Potential 

The following theorems for logarithmic potential can be 
proved by the methods used in the last paragraphs. 

The potential 

(38) U= i<rlog-d5, 

J J ^ 
r 

where T is a region bounded by a closed Jordan curve^ and cr is 
bounded and integrable in T, is finite and continuous in the entire 
plane except at infinity. This is true also for the first derivatives, 
which are given by 



^Or by several Jordan curves. The region may of course be multiply- 
connected. 
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If the boundary curve C of T has a continuously turning tangent 
and the density a has continuous first derivatives in T, the second 
derivatives of U are continuous both inside and outside T, but not 
on its boundary. They can be found from 



In the region T the potential U satisfies Poisson's equation 

(41) V2Z7 = -27r<r. 

If the hypotheses on a are not satisfied in the entire region 
T, these properties still hold in the sub-regions where they are 
satisfied. 

The potential of a simple distribution on a curve 

(42) U= ylog^ds, 

J r 
c 

if the curve has a continuously turning tangent and y is bounded 
and integrable, is continuous for all finite points of the plane 
including passage through C. If C has continuous curvature 
and y is continuous^ then the normal derivatives of U approach 
limits when P approaches A on C from either the positive or 
negative side, which satisfy the equations 

1 (dU+ dUJ\ 

( 43 ) ^ , 1 

, . r 9 log — 

2 VanA dnA / bn a 
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If the curve C is not closed^ it is assumed that A is not an end- 
point of C, 

If the hypotheses of continuous curvature of C and con- 
tinuity of y are only fulfilled on portions of C, the equations 
(43) hold on these portions, end-points being excluded. This 
is easily proved in the usual manner by regarding U as the 
sum of two potentials. Instead of continuous curvature, it is 
sufficient to assume that C can be expressed in the form 

y = a:*+“g(3c) 

where a > 0 and g(x) has a finite derivative, when the point A 
and the tangent are taken as the origin and the x-axis re- 
spectively. 


The potential of a double distribution on a line C, 


(44) 



cos(w, r) j 

ju as, 

J r 
c 


if C has a continuously turning tangent and /i is continuous,, has 
limits on approaching C from either side {except at its end-points) 
which are in general different from each other and satisfy 

(45) - UJ) = + UJ) = U^. 

If we permit C to have a finite number of corners and A is at 
a corner, then 

(45*) - Uff) = TT/x^, !(£/++ Uff) = (tt -^)m^ + Ua. 

where ^ is the angle between tangents at A . 

If C has continuous curvature, we can prove that the 
normal derivatives of (44) satisfy 

(46) Un. 1-0, 

\\dn/Pz \dn/Pij 

where Pi and P 2 are at the same distance 6 from C on opposite 
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sides. Finally, by assuming that ix has a continuous derivative, 

we can prove that the separate limits ( ) exist and are equal. 

\ dn /pi 


Art. 9. DirichlePs Characteristic Properties of Potential 


We are now able to derive the characteristic properties of 
the Newtonian potential 



which were first given by Dirichlet. These conditions are 
characteristic, in that they are necessary and sufficient con- 
ditions that any function which satisfies them be identical 
with a potential ?7 of a mass distribution. We assume that 
the density r is piece-wise continuous with piece-wise con- 
tinuous first derivatives in the whole of space and vanishes 
identically outside a sufficiently large sphere about the origin, 
so that the above integral may be supposed to be extended 
over all space. 


The characteristic properties are the following: 

I. The function U is continuous over all space with continuous 
first derivatives. 

II. The second derivatives are continuous everywhere except on 

surfaces of discontinuity of t, — , — , — , They satisfy 

v^c/ = -4 xt. 

III. For R = Vjc^+y+z2->.oo, I7->-0 and RHDi U\ is hounded. 


Instead of the boundedness of R‘^\DiU\, it is possible to use 
the condition that U behaves at infinity like the potential of 
a mass, more exactly, that 


U 


M 

R 


+ « (^M = rdV^ 


where u-^Q and is bounded as JR > . 
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tial 


That the three conditions 
J satisfies them 


are necessary, or that the poten- 
, has been proved in Arts. 2, 3, 


and in Chapter II, Art. 6. 

That they are sufficient, i.e. that a function U which 
satisfies them is identical with a potential J —dV, may be 

shown in the following manner. On account of the properties 
assumed in I and II, we have from (34), Chapter III: 


Here V is any region containing P in its interior. We choose 
for 7 a large sphere about the origin, and let its radius ap- 
proach infinity. The surface integral vanishes in the limit on 
account of the conditions III. 

Hence we obtain in the limit 


where the integral is over all space, and since 



which is the desired result. 

Dirichlet used these characteristic properties on the famous 
problem of the determination of the potential of a homo- 
geneous ellipsoid (see next Art.). 

For the logarithmic potential 


in which o- and its first derivatives are piece-wise continuous 
in the entire plane and vanish outside a sufficiently large circle 
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about the origin, the following properties are characteristic: 
L The function U and its first derivatives are continuous 
everywhere in the finite plane. 

11. The second derivatives are continuous everywhere except 


' d<T 


on lines of discontinuity of <r, — , — . They satisfy V^?7 - 
-2^<r. 


da 

dy 


IJI. For R = + (u + Rlog— — and 

is bounded. ^ R dR / 

Instead of the last condition we can use the condition that 
U behave at infinity like the potential of a mass, more exactly 
that U is of the form 


U — Mlog-^ + u 


(^M = trdS^ 


where > 0 and R^\Diu\ is bounded. 

The necessity of these conditions follows from Art. 8 for 
I and II, and from Art. 6, Chapter II, for III. In particular, 

it follows readily from the representation U = M log— + u 

R 

1 dU 

with •> 0 and R^\Diu\ bounded that U + R log 0, 

R dR 

since C/ + i? log — — = u + R log — — and > 0, 

^ RdR ^ RdR 

RlogR~^0. 

dR 


That the above conditions are also sufficient can be proved 
as in the case of Newtonian potential above (the reader should 
carry this out). We will later (Chapter VIII, Art. 5) prove 
that the existence of lim u implies the boundedness of R^\Diu\ ; 
hence the last condition may be written simply 


U = M log — 4* ^ where u -^0. 
R 


III*. For 
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Art. 10. Applications 


1. In Chapter II, Art. 9, we found the potential of a mass 
distribution bounded by two concentric spheres, with density p 
a function of the distance R from their centres, at points outside 
the outer sphere and at points inside the inner one. We can 
now find the potential at the points inside the mass. 

We will first find, the value of the constant b found there, 
as the potential inside the inner sphere. This can readily be 
found by integration, as it is the value of the potential at the 
centre, which we will take as origin. If h and h are the radii 
of the spheres (Zi< y, 


h - 



^dV = 

R Jh 


If the mass is homogeneous (or p constant), this becomes 
b = 2wp(h^- /i2). 

At a point of the mass, the potential satisfies Poisson's equation, 
and since U only depends on i?, this is 


d^U 2 dU 
dR? RdR 


This is an ordinary linear differential equation of the second 
order, non-homogeneous. The corresponding homogeneous 
equation has already been integrated and has the general solu- 
A 

tion — +5. By adding this to any particular solution of the 
R 

non-homogeneous equation, we get its general solution. Hence 
when p is a constant, we find 


27rpi?2 ^ 

3 R 


+ B. 


since — 27rpi?^/3 is easily seen to be a particular solution of the 
non-homogeneous equation. 
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The integration constants A and B are determined by the 
continuity properties of the potential. The potential U{R) 
must be continuous on passing through each boundary sphere, 
so that 

_ 2x^2 ^ ^ 

3 li 

_ -j- B ^ n s _ ; 3) ^ . 

3 h 3/2 h 

These equations have the solutions 

A , B = 2-Kph^ 

3 


so that if p is constant we have the potential function : 

( 2 rp(l 2 ^— h^) for 0 ^ jR ^ /i 

2rpR^ 4xp/i5 1 


c/ = 


4irp(/2' 


3 3 

R 


R 


+ 2trpl^ 


h ^R. 


For the special case of a complete sphere of radius I and 
uniform density, we set h= 0, l 2 = I and get 


U=i 


2‘irp 

T 


R^ + 2xp/^ 


4xpf® 1 
~F R 


for 0 2? < / 


Of course the result can be obtained also by direct integration. 
Split up the mass distribution into thin shells bounded by two 
concentric spheres of radii 1 and 1 + dl. Show that the po- 
tential of such a shell is , if 2? > Z, and dl = 

R I 

4:7rp{r)ldly if R Prove that the potential of the given mass is 
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U 


-4xj 


p{l)ldl 


h 
47r 

U=~\ 

R Jh 

U=—\‘' p(l)Pdl = — 
RJk R 


rh 


p{l)ldl 


for R 
for 


for I 2 — R. 


Put p = const, and find again the former formulas. 

2. Mass distribution bounded by two concentric circles 
attracting by the inverse first power law with density depen- 
dent only on the distance from their centre. Find the poten- 
tial at a point inside the mass. 


3. Solid homogeneous ellipsoid. Density t= const. Equa- 
tion of the boundary surface E 


(47) 


^ 


a^b c. 


The potential U at any point P(x, y, z) is given by a triple 
integral in the usual way but we shall represent it by a simple 
elliptic integral. The equation 


(48) 


fiP, u) = 


z- 


u c^+u 


= 1 


represents a set of ellipsoids E(uy The parameter u is sup- 
posed to range through all non-negative values. E is obviously 
identical with P(0). One and only one E{u) passes through 
any point P outside E, Accordingly u with the restriction 
^ 0 is defined by (48) as an implicit one-valued function of 
P{x,y,z),^ "Let g{u) u){c^ + u) dSidTahc7r== k. 

We state: 


(490 


U{P) = k 


"00 

0 


(1 -/(p.t))) 


dv 


for P inside E, 


“^It is one of the 3 ellipsoidal coordinates of P, 


We do not use the others. 
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(492) U{P) = k 


(1 -f{P,v)) 
g(») 


for P outside P. 


We sketch Dirichlet’s proof that the characteristic conditions 
(Art. 9) are satisfied. 

I. U is obviously continuous over all space, even as P passes 
through P, since « = 0 on P. For P inside or outside P 
respectively 


(50 1 ) — = - 2kx 

dx 


— 2kx 


dv 

dv 

U {a^’^v)g{v) 


. 1 — /(P, u) ^ 
g(u) dx ’ 


but 1 — f(Pf u)= 0 since indeed P lies on the ellipsoid E{u). 
Thus for P outside P 


= — 2kx 


U (a^+v)g(v) 


Therefore and likewise and are continuous every- 
dx dy dz 

where. 


d^U 

IL (51i) ^ -2k 

dx^ 


0 {a^+ v) g{v) 


for P inside P. 


(51.) ^ = -2* 


°° dv . 2kx du, _ 

— for P out- 

u {a^+v)g{v) {a^+u)g{u) dx 


side E. Therefore and likewise and are contin- 
dx^ dy^ dz^ 

uous everywhere except at the points of P. Moreover, for 
inner points 

. .r _ n. r” / 1 , 1 . \ \dv 


AU = -2k 


0 \a^+ c^-{-v/g{v) 



Art. 10 


The Homogeneous Ellipsoid 


163 


Prove that 


— ^ g(^) _ 1 / 1 [ L.+_ 

g(o) dv dv 2\fl2+D 


and infer 


At/ = -4/fe r - = — = -4irr. 


«(0) g(0) 


For P outside E 


AU= -2k 


u \a^-\-v V c^-\-v/ g(v) 


\ du du du I 

2^ y — z — 

+ -7-:: i djc ^3? dz \ ' 

^ “ la*+M b^+u'^ cM- J 

4 jfe 

The first term on the right equals — (use again ( 62 )). 

iM 

To reduce the second term find the partial derivatives of u by 
differentiating ( 48 ) , for instance 


- 4 - ^ + __fL_ ) — = 0. 

a^+u \{a^ + uy (b^+uy (jc^+uyJ dx 

Determine ~ — and prove that the second term equals 

dx dy dz 

Ak 

— . Finally 


(682) AZ 7 = 0 . 

III. If we putV^x 2 + y^+ z^= R then obviously u ^ 

R :< \/a^+ u, for the distance of the point P from the origin 
must lie between the smallest and largest semi-axes. Since 

1 • -f- ti 

hni ^ = 1, we have obviously 
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lim 


Vc^+U 


R 


Va^+u , 

lim = 1, 


so that the semi-axes and R are of the same order for large u. 
Now consider the potential U in (492). The term 1 — /(P, t;) 
increases mohotonically from 0 to 1 as ranges from w to oo , 


thus U < k 


dv 


'oo 

J 


dv 


2k 


(c^+vy/i 


\u g(v) 

RU is bounded and of course lim U = 0. 


- , , , V,/, • Hence 

Moreover from (5O2) 


dx 


^ 2k\x\ 
2k\x\ 


^ dv 

_ 4 k l^cl 

« ( c 2+ z ;)5/2 ” 3 ‘ 


Since {c^+ has the order P® and 1, it follows that 



dU 

is bounded. 

Likewise 

dU 

and R? 

dU 


dx j 



dy 


dz 


4. Method of electric images. Given a grounded plane 
conductor S and a point charge e at a point Q outside the 
conductor. Charge is induced on the infinite plane. What 
is the potential Ul 

Take the plane 5 as {x, y)-plane and Q on the positive 
s-axis with coordinates 0, 0, a. From the theory of electricity 
it is known that t/ = 0 on the conductor, i.e. for 2 = 0, and 
also for 2 < 0. Let Q'(0, 0, —a) be the image of Q in 5 and 
place the charge —e at Q\ Then (p2= x^+y^) 


(54) C7= — ^ - 

QF Q’P V/)2+(z - 0)2 Vp2+(z + a)2 


is the required potential at a point P(x, y, z) of the half-space 
T with 2^0: we have obviously 17 = 0 on 5, because QP — Q^P 
if P lies on S. 
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Find the density a of the induced charge at any point 
Po(^o, yo, 0) of S. Use equation (21) in Art. 6, considering that 

, dU^ ^ . 

— coincides with — . Obviously =0, since U vanishes 

dn dz dz 

d TJ 

identically for 2 < 0. On the other hand, calculate — — 

dz 

from (54) and infer 


ea 

2wVxa^ + V + a2"' 


5. Given two grounded parallel plane conductors and S 2 
and a point charge e 3it Q between the planes. What is the 


potential? Take Si and S 2 as the planes 2 


= 0 and s = ^ respec- 


tively and Q on the positive z-axis with coordinates 0, 0, a 
(o<a<^ )• we place the charge —e at <2^0, 0, —a), the 


image of Q in Su the potential will vanish on -Si, but not on S 2 . 
If we place, at (0, 0, c —a) and (0, 0, c +a), the images of Q 
and Q' in ^ 2 , the charges —e and e respectively, the potential 
of the four charges will vanish on S 2 , but not on Si. If we 
continue in this way the z-coordinates of the next images are 
— r + a, —c — a, then 2c — a, 2c + a, etc., and we obtain 
an infinite series of images with ever-increasing distances from 
Si and 52. These distances range through all numbers nc + a, 
nc a [n ^ 0, ±1, ± 2, . . . .] and the point charges are e 
and — e respectively. The effects of these charges are ever 
decreasing with increasing distances. Accordingly, the re- 
quired potential is given by 


U 


+00 / 

" c 

«== — 00 \ 


p 2 + (2 — nr — aY \^p^+(z — nc + a) 




where p- = y^. 

Prove that this series converges absolutely at any point dif- 
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ferent from Q and its images, that it converges uniformly in 
any closed region not containing such points. Infer from the 
uniform convergence that 27 is a regular potential at any point 
except Q and its images by using the theorem in Art. 7, 
Chapter VIII, after equation ^36). This theorem is, of course, 
valid for Newtonian potentials also. Show that = 0 on Si 
and 52. Find the density of the induced charge on 5i and 52, 
applying again equation (21) in Art. 6. 



CHAPTER VI 


RELATION OF POTENTIAL TO THEORY OF FUNCTIONS 


Art. 1. The Conjugate Potential 

In this chapter we shall deal entirely with logarithmic 
potential, not with Newtonian potential. We will discuss the 
relations which exist between logarithmic potential and the 
theory of functions of a complex variable, relations for which 
there is no parallel in the theory of Newtonian potential. Our 
starting point is the equation ((29*) in Chapter III) 

— ds = 
dn 
s 


where the curve S is the entire boundary of the region T of 
regularity of the potential u, which region we now assume to 
be simply-connected. If we let C be any closed curve in T 
without double points, composed of a finite number of pieces 
with continuously turning tangent, then we know that 


( 1 ) 



ds = 0. 


For directed open curves, we will assume that the normal points 
to the right side of the curve, and consider ds to be always positive. 
If Po and P are any two points in T connected by two curves 
Cl and C2, with continuous tangents, which together form a 
closed curve C in T, then 


6 

J 

C 



' du 

J dn 

Cl 


ds + 



ds = 0, 


where the integration is from Po to P on Ci and from P to Po 
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on Cs. Reversing the direction so that we integrate from Po 
to P on C 2 , this becomes 


( 2 ) . 



ds = 



ds. 



Po dn 


then has the same value for all paths of the above type from 
Po to P. Hence the value of the integral depends merely on 
the position of the points Po and P, and not on the path 
used. If we hold the point Po fixed and consider P:{x, y) as 
variable, the function v{x, y) defined by 


(3) 


V 


du 
Po dn 


ds 


is a single-valued function of y) defined throughout T, 
Now 


(4) 


du 

dn 


_ _ du , du du , du 

== n • VU — Ui — + W2 — = cos ai — + cos — , 

dx dy dx dy 


where ai,. a2 are the angles which n makes with the positive 
X and y axes. Also 

(5) cos oLids = nids = dy, n^ds = — dx, 
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so that 



From this form of z;, it is seen that 


(7) 


dy dx ’ dx By 


To prove this, we form 

v(x + h,y)- 


Po \dx 




where P' is the point (x + A, y) which is in P if A is sufficiently 
small. Now since our integral is independent of the path, 

vix+h,y)-vix,y)=(\ + - [ 

\J Po J P J Po/ \dx dy / 


= -A- 

J p \ By/ By 

‘ by the mean value theorem for integrals, so that 

Bv _ v{x + A, y) — v{x, y) _ ^Bu 

Bx A>o A By 

The other equation (7) is obtained in a similar manner. From 
(7) it follows that 


[O<0<1] 


BH __ ^ B^u 
By^ BxBy 


and hence 


= 0 . 


Moreover, from (7), v has continuous first derivatives, and in 
fact we find that v has continuous derivatives in T of all orders, 
since u does. Hence z; is a regular harmonic function in T; 
we call it the ''conjugate potential to u. It is defined by (7) 
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except for an additive constant, and completely defined by 
(3) or (6), with the condition v(xof yo) “ 0. 

The potential conjugate to is — since 

.d(’-ii) _ dv d(^u) dv 

dy dx ’ dx dy 


du du 


dv dv 


From (7), we have ^ . This is the condition 

dx dy dy dx 

that the curves u = const, and v = const, be perpendicular 
(the reader should prove this). Hence we can regard the lines 
u = const, as the lines of force for the equipotential lines 
V = const., or conversely we can regard the lines v = const, 
as the lines of force for the potential u. We have previously 
defined the lines of force as the solutions of the differential 

equation dy : dx ^ ^ : — ^ leaving undetermined how this 
dy dx 

equation was to be solved. Now we are able to find the lines 
of force, and hence the solution of this differential equation, by 
integration of (6). In fact, the equation v{x, y) = const., with 
y regarded as an implicit function of x containing an arbitrary 
constant, is the general solution of the differential equation. 
For the equation, on account of (7), becomes 


j j dv dv dv j , dv . ^ , 

dy : dx — — — : — , (ix + — dy — 0, du =0, z; =const. 
dx dy dx dy 

The equations (7) are the equations which are well known 
in theory of functions as the Cauchy-Riemann equations. In 
the theory of functions it is proved'that: the real and itnaginary 
parts u and v of an analytic function of a complex variable 
z — X + iy, 

( 9 ) /(z) = u{x, y) + iv{x, y) , 

satisfy (7) and therefore are conjugate functions ; and conversely, 
the combination u + iv of a harmonic function and its conjugate is 
an analytic function of z. The region of regularity of/(z) is the 
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region T of regularity of u and v. It is this theorem on which 
the relation between potential theory and theory of functions 
is based. We shall sketch the proof of the theorem. A func- 
tion /(s) iv is called an analytic function, regular in the 

region T, if it has a continuous derivative 

li„ M!) . ita /(»+A»)-/W _ 

Aa>0 /\Z As>0 As 

at every point of T. The limit of the difference quotient is 
assumed to exist regardless of the way in which As == Ax + 
iAy approaches 0. 

Now let /(z) be an analytic function. First put Ay = 0, 
so that As = Ax, and let Ax > 0. Then 

/(z) = lim y) y) y) 

A:c>o Ax 

dx dx 


Secondly put Ax = 0, As = 
analogously . / 


iAy, and let Ay > 0. Then 


du , ,dv 
— + ^ — 
dy dy. 


Therefore 


du , .dv dv .du 

— + t— - t — , 

dx dx dy dy 


from which the Cauchy- Riemann equations follow. 

Conversely, assume these equations to be valid. We easily 

get, according to the rules of the calculus, — 


m(x+ Ax, y+Ay) +ivix+Ax, y +Ay) ""m(x, y) — iv{x, y) 
Ax +iAy 


du , i du . , .| 

— Ax + — Ay + ^ 
dx dy 


dv . , A 

— A X H Ay 

dx dy 


Ax +i Ay 
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wherelim<r= 0,as Aasand AyapproachOoras Az = Ax + iAy 
approaches 0 in any way. (The reader should prove this 
formula!) It follows on account of the Cauchy-Riemann 
equations that 


— (Ax + iAy) + i—{Ax+iAy) 

Af(z) ^ 

“Xz Ax+iAy 


+ <r 


du , .dv 

hi — 

dx dx 


+ O'. 


Also + + 

Az i \dy dy/ 

Consequently has a limit as Az > 0 in any way, and 

Az 

f(z) is therefore an analytic function. This limit is, of course, 

du . .dv dv .du 

— +1 — • 

dx dx dy dy 

All logarithmic potentials are obtained (in conjugate pairs) 
by taking the real and imaginary parts of all analytic functions 
of 2 . This is a very simple method of forming logarithmic 
potentials. For example 

z=x-\-iy, {x^ - y2) + i{2xy),- = — ^ - - i - , 

2 + y^ 

e* = cos y + ie^ sin y. 


Also, after introducing polar coordinates 


X = r cos 6, y = r sin r = 6 == arc tan ^ 

X 


an important example is 


log 2 = log f + is 

so that arc tan (y/x) is the function conjugate to log 
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Art. 2. Expansion in Cartesian and Polar Coordinates 

Since every potential function can be regarded as the real 
part of an analytic function, it is not difficult to prove in a 
new* manner the power series expansion previously derived. 
The new proof, however, assumes some knowledge of the theory 
of analytic functions and is only applicable to logarithmic 
potential. The function f(z) whose real part is the given 
potential u can be expanded in the neighbourhood of any 
regular point Zo in a power series 

f(z)= E Cn(z-2o)\ 

w=0 

with constant coefficients Cn, which is known to converge in 
the largest circle \z — zo\ < k which can be drawn in T about 
zq. To separate this into real and imaginary parts, we set 

2 = X + iy, 2o= xo+ iyo, c„= an+ i&n, 

and hence 

Cn{z -ZQy==(an+ibn)(x - xq+ i(y -yo))” 

+ i ~yo) ‘1} ’ 

therefore, if we denote the real part of a complex number g 
by ^ [gl 

“ “Jo) ^ (3C-Xo)”“®(y “yo)®+ * • ‘Ij • 

It requires proof that we may remove the brackets in this 
expansion and rearrange the terms. It is sufficient to show 
that the double series in x — xo, y — yo arrived at in this 
manner is absolutely convergent. Now 
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|on|| \x—xo\’'+(^'^\x—X(t\’'~^\y—yo\^+ j" 

+ |6n|{(“)laf-»o|”~‘b-3'ol+(3)l»;-^ol”~l3'-3’o|’+. • .| 
<lc„l|lx-5Co|"+(|”^|a:-3Col’*~^.b-yo|4- | 


= |c„|(|3c— xol+b— yol)’*- 

CO 

The series S |cn|(|x- xo| + |y — yol)" converges for [x— xo| + 

n=0 

00 

b““3'o|<^ since the series S Icnll^— 2oh converges for 

n=0 

\z—Z{\<k. Therefore the double series converges abso- 
lutely, also, for lx — xol + b — yol < and hence certainly 
k k 

when [x— Xol< - and b‘“yo|< - • Thus the convergence 
2 2 


of the resulting Taylor’s series 

oo 

u(x,y)= 2 Cy(3c— xoy(y— yo)^ 

*ii=0 

is established for a sufficiently small neighbourhood about 
ipCQ, yo). 

We now assume that (xo, yo) = (0, 0) for simplicity, and 
introduce polar coordinates x = R cos <i>y y = R sin giving 


00 00 

/(2)= 2 CnR'^e^'^^ = S (<3^n+ i&n)i^”(cos n<l> + i sin n(j)) 

MssO n=0 

00 

u = 'Z R^(an cos n<t) — bn sin ncl>) 

n=0 

00 

V = Z R^'{bn cos n<l> + an sin «0). 

M==0 


The expansions of u and v, like that of f(z ) , are valid in the 
largest circle about the origin which lies in the region of 
regularity T. 



Art. 3 


Converse of the Ideas in Art. 1 


175 


We may note that if u and its derivatives with respect to 
% and y to the order vanish at the origin, the coefficients 
of the Taylor series vanish for i + J ~ w, and accordingly 
the coefficients and hn vanish for n ^ m. 


Art. 3. Converse of the Ideas in Art. 1 

In Art. 1 we obtained the function v conjugate to a given 
harmonic function, and showed that these functions satisfy 
the Cauchy-Riemann equations. We will now reverse the 
procedure and prove that: If two functions u and v are contin- 
uous^ with continuous first partial derivatives, in abounded simply- 
connected region T and satisfy the Cauchy-Riemann equations 
there, then they are regular potential functions in T. This theorem 
evidently permits the use of the concept of regular potential 
functions without making use of second derivatives (compare 
Chapter II, Art. 7). 

For the proof we form the integral 


J {udx — vdy) 
c 


over any closed curve C' free of double points, with contin- 
uously turning tangent and lying entirely within T. If we 
call T' the region bounded by C', then (see Chapter III, Art. 1) 


J {udx — vdy) = 
c 



From one of the Cauchy-Riemann equations, the integrand of 
the area integral vanishes identically, so that 


( 10 ) 


J {udx — vdy) = 0. 
c 


Since the integral over every closed curve vanishes, it follows 
that 
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( 11 ) 


•p 

{udx — vdy) 

* Pfl 


is independent of the path of integration as long as this lies 
in r, and hence depends on the end-points only. With Po 
fixed and P variable, this defines a single- valued function of 
{Xy y) throughout T. This function, which we designate by 
F(Xy y)y has the properties that (see Art. 1) 


( 12 ) 

and hence 


dF 

= W, 

dF 

dx 

dy 

d^F 

du 

d^F 

dx'^ 

dx ' 

dy^ 




dv 

dy 


so that on account of the other Cauchy-Riemann equation, 


(13) ■ A^F = 0. 

Therefore the function F{xy y) possesses continuous second 
derivatives in T and satisfies Laplace's equation there. Thus 
Fixy y) is a regular potential function in T. Accordingly its 
derivatives, and hence the functions u and Vy are likewise 
regular harmonic functions in T. 

Note, The condition of continuous first derivatives can be 
replaced by a milder one : If u and v are continuous in T and 
possess there first partial derivatives satisfying the Cauchy- 
Riemann equations, and if they also have the property of 
“complete differentiability,” then u and v are regular potential 
functions in T, The hypothesis of complete differentiability 
for the function w is that we can write 

Aw = w{x + Axy y + Ay) — w(xy y) = — Ax +— Ay+c, 

dx dy 

where € is an infinitesimal of higher order than Ax and Ay in 
the sense that 


7- 7 '“- ; • - I ^ as Ax->0y Ay> 0. 

1 Ax| + 1 Ayl 



Art. 4 


Invariance Under Conformal Mapping 


177 


This condition is certainly fulfilled if the partial derivatives 
are continuous, but it may be fulfilled when the derivatives 
are not continuous. 

With respect to the proof, we merely note briefly that the 
hypotheses on u and v assure the existence of a finite derivative 
f{z) of the function /(g) = w + Then, by application of 
a famous theorem of Goursat^ it follows that/ is an analytic 
function. From this our theorem follows immediately. 


Art. 4. Invariance of Potential under Conformal Mapping 


If X + iF = f{z) = fix + iy) is an analytic function of s, 
which is regular in the neighbourhood of a point zo and has a 
non-vanishing derivative there, i,e,f{zQ)^ 0, then it is known 
(Chapter VIII, Art. 12) from the theory of functions that the 
neighbourhood of zq is mapped by this function conformally 
(i.e., with preservation of angles) in a one-to-one manner on 
the neighbourhood of Zq = /(zq). The inverse function z = F(Z) 
is analytic, regular in the neighbourhood of Zq. If we wish to 
remain in the field of real variables, we can state these results 
as follows: If the functions X(x, y) and Y{x, y) have contin- 
uous first partial derivatives in the neighbourhood of a point 
(xo, yo) which satisfy the Cauchy-Riemann equations 


(14) 


dx 


and if their Jacobian 


(15) D 


dj[ djc 

dy * dy 


dX 

dX 

dx 

dy 

dY 

dY 

dx 

dy 


dx ’ 


0 


in this region, then the equations 


^See, for example, Osgood, Funktionentheorie, 3.Aufl., 6.Kap. §6. 
2See, for example, B. K. Knopp, Functionentheorie I, §19, theorem 3. 
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(16) X = X{x, y), Y - Y{x, y) 

map the region about (xo, yo) in a one-to-one, reversible, and 
conformal manner on the region about the point Xq = X (xo, 3 / 0 ), 
7o = Y{xq, yo) of the (X, F)-plane. The functions (16) and 
the inverse functions possess continuous derivatives of all 
orders in the neighbourhood of (xo, 3^0) and (Xo, Yo) respec- 
tively. By combining (14) and (15), we find besides that 



Now let uhe a. regular potential in the neighbourhood of 
(^co, yo)* By the equations inverse to (16), u is defined as a 
function of X, Y which has continuous derivatives of all orders 
in the neighbourhood of (Xo, Fo). We will show that «, re- 
garded as a function of X, F, is also a potential, since it 
satisfies Laplace's equation. Now 

du _ du dX ^du dY du du dX du dY 
dx dX dx dY dx ^ dy dX dy dY dy ' 

ax2 dX^\dx) dXdY dx dx^ dY^XdxJ 

^ax ax2 "^aF ax^ * ay dxAdy) 

From this it follows, after making use of (14), that 

^ -f ^ = If— Y + f— Y1 (— + — ^ = 

ax2 dy^ \\dxj ^\dx/) \aX2 aFV 

\dx^ dYy 

Since D^^O, it follows from + — = 0 that-^-^ + =0. 

dx^ dy^ dX^ d y2 

The theorem which we have just proved can be stated: A 
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regular potential function is invariant under a conformal 
transformation. 

The theorem of this i\rt. is very simple, when expressed in 
terms of analytic functions of complex variables. Let 
u iv = g(s) = |[(x + iy) be analytic regular at So= xo+ fyo, 
so that u{Xy y) is harmonic regular at (xo, yo) ; and suppose 
Z = X + = /(s) and its inverse z == F{Z) are analytic 

regular at zo and Zo = /(so) respectively. * (This implies that 
f{zo) = l/F'(Zo) 0.) Hence i{z) = g(F(Z)) = [7 + f F is 
analytic regular at Zo and therefore U(X,Y) harmonic 
regular at (Xo, Fo); moreover, obviously, u{x, y) = I7(X, F). 
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THE BOUNDARY VALUE PROBLEMS OF POTENTIAL THEORY 

Art. 1. Statement of the Problems 

We have already stated that it is not possible to prescribe 
arbitrarily both the value of the potential and of its normal 
derivative on the entire boundary of the region of regularity. 
We will soon see that a potential function is uniquely deter- 
mined if either the value of the function or the value of its 
normal derivative is given on the complete boundary of a 
region. We must first formulate more exactly the problems 
which arise in this manner. 

Let R be a finite region in space, bounded by 5. We will 
assume that 5 is a closed surface with a continuously turning 
normal, in general; however, it may have a finite number of 
corners and conical points. Since multiply-connected regions 
are to be allowed, S may consist of a finite number-of separate 
non-intersecting surfaces. Let / be a function defined and 
continuous at all points of 5. Then the first boundary value 
problem may be stated as follows: to determine a solution u of 
Laplace's equation == 0 which is regular in R and continuous 
in R + and takes on the prescribed values f on S. The last 
condition means that on approaching *5 from the interior, u 
converges to /. This first boundary value problem is also 
called the ''Dirichlet problem ^ 

The second boundary value problem of potential theory, or 
Neumann problem^', is: to find a solution u of Laplace's equa- 
tion which is regular in R and which ^ along with its normal 
derivative, is continuous in R + S, and whose normal derivative 
approaches the given function f on S. Since we know that 
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— dS = 0 for any closed surface inside which u is harmonic, 
Jj dn 

it follows that the function/ here is not completely arbitrary, 
but must satisfy the condition 

f fdS = 0. 

's 

In the theory of logarithmic potential, the first and second 
boundary value problems are stated in exactly similar form. 
The boundary C is a closed curve consisting of a finite number 
of pieces with continuously turning tangent; or C may consist 
of a finite number of separate non-intersecting curves of the 
above kind. 

Boundary value problems arise in theoretical physics; in 
general, the first boundary value problem arises in electro- 
statics and in heat conduction, while the second boundary 
value problem is met in hydrodynamics. For example, in the 
theory of heat conduction, it is proved that the temperature u 
of a body, if it is independent of the time (i.e., for the so-called 
stationary state), satisfies Laplace’s equation and hence is a 
potential in our general sense. Here the temperature of the 
surface of the body may be arbitrarily given as a function of 
the position on the surface. 

Also, in the stationary flow of an incompressible fluid, a 
* Velocity potential” may exist (see end of Art. 5 in Chapter 
III). This is a function whose vector gradient is the fluid 
velocity. This function also satisfies Laplace’s equation. The 
rate of flow outward through an element of surface is propor- 
dtc 

tional to — and may be arbitrarily prescribed. But it is 

. du , , 

necessary that the function f = satisfies the condition 
• - on 

oU 

— dS =0. Physically, this is the condition for incom- 
_ _ dn 

s 

pressibility (Chapter III, equation (12)). 
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When the stationary flow of heat in a body is investigated, 
assuming that the flow through the surface is governed by 
Newton's law of cooling, the value of the quantity 

+ hu 
dn 

is given on the surface. Accordingly, we formulate the third 
boundary value problem. 

We seek a potential which satisfies the surface condition 

hu = / where k, h and / are arbitrary prescribed func- 
dn 

tions on S (continuous functions). In the above case k and h, 
the conductivity in the interior and that through the surface, 
are positive. The case where k and h are of opposite signs is 
of interest in hydrodynamics. The first and second bound- 
ary value problems are special cases of the third for k — 0 
or h =0. We will not be as much interested in the third 
boundary value problem as in the first and second. 

We will consider uniqueness theorems in this chapter. In 
Chapter VIII we will prove the existence of the solution of the 
first boundary value problem for the circle by means of the 
Poisson integral, and in Chapter IX we will consider the cor- 
responding problems in space. In the last two chapters we 
will develop the Fredholm theory of integral equations and 
apply them to -the boundary value problems of potential 
theory. 

Dirichlet was the first to attempt a general existence proof. 
His method, called the “Dirichlet principle” by Riemann, was 
later proved by Weierstrass to be inexact. Later, C. Neumann, 
H. Poincar^, H. A. Schwarz, E. R. Neumann, Fubini, Lebesgue, 
Zaremba have given strict proofs. Further, the boundary 
value problems have been solved in a very elegant manner by 
J. Fredholm by means of integral equations. Hadamard’s 
determinant theorem plays an important role in Fredholm’s 
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theory. Moreover D. Hilbert and R. Courant have refor- 
mulated the Dirichlet principle in a form free from objection, 
and O. Perron has proved the existence theorem in an entirely 
new manner. 

Art. 2, Uniqueness Theorems 

The first boundary value problem has at most one solution. 
For let ui and u^ be two solutions; then it is to be proved 
that V = U 1 — U 2 vanishes identically in R + S. Evidently v 
is a potential function regular in R and continuous in jR + *S, 
which vanishes at all points of S, Assume that v is different 
from zero at some point in 7?, hence either positive or negative 
there. Then v must have a maximum or minimum in i?, which 
is impossible from Chapter III, Art. 8. Hence there can be 
no point in R where v is different from zero, so that we conclude 
that U 2 . This proof is valid for Newtonian potential as 
well as for logarithmic- 

The second boundary value problem has at most one solution, 
except for an additive constant. 

Let ui and be two solutions; then we have to prove that 
V = U 1 —U 2 remains constant in R. It is evident that v is also 

a regular potential in i?, and that v and — remain continuous 

dn 

on approaching the boundary 5, and that ~ = 0 on 5. We 

dn 

can therefore say that z; is a solution of the second boundary 
value problem for the special case / = 0. But from the first 
form of Green’s formula, now assuming Newtonian potential 
(the case of logarithmic potential is handled similarly), we have 

[ (grad vYdV — 
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and hence, on account of the boundary condition 


IIKS)’ +(£)■+(£)’ 


dv 

dn 


dV = 0. 


Noting that the integrand here is necessarily non-negative 
and is continuous, it follows that it must be zero everywhere 

in R, so that we must have — = — = ~ = 0, from which it 

dx dy dz 

follows that V is a. constant. 


The third boundary value problem has at most one solu- 
tion, ~ > 0. 
k 

If we let z; = 1^1 “ W 2 again, then ^ = 0 on S'. Then 

from Green’s formula again, ^ 


(grad vYdV == 


dv 

V — aS = — 
dn 


■ vHS. 


Here we note that > 0 everywhere. Since a positive quan- 


tity cannot equal a negative one, it follows that both the 
surface and the space integrands must vanish identically in 
their integration regions. Hence grad z; = 0, so that v = const, 
in jR, and v = 0 on S ; hence by continuity v = 0 in jR + S, so 
that Ui — U 2 in R + S. 


It should be noted that Green’s formula, on which the 
proof for uniqueness of the second and third boundary value 
problems depends, cannot be used on the first boundary value 

dv 

problem. For the proof of Green’s formula requires that — 

dn 

as well as v approach limits when the boundary is approached; 
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but in the first boundary value problem only the continuity 
dv 

of V and not that of — was assumed. 
dn 

Art. 3. The Exterior Problems 

The above boundary value problems are known as interior 
problems, in contrast with the “exterior” problems to which 
we now turn. In the interior problems, a function was sought 
which was harmonic in the interior of 5, which we will now 
designate by 7,-, and which satisfied certain linear boundary 
conditions when the field-point approached S from the interior. 



3 closed surfaces (m = 3) 

Fig. 9 

In the exterior boundary value problems, the corresponding 
problems are treated for the region exterior to 5, which 
contains the infinitely distant points of the plane or space. 
We shall often follow the usage common in theory of functions, 
and speak of the region outside a very large circle as the 
neighbourhood of “the point at infinity” or the “infinite 
point,” and say that a point which is becoming infinitely 
distant from the origin is approaching the point at infinity. 
This is natural because of the frequent use of inversion, in 
which the regions around the origin and around the “point at 
infinity” are interchanged. 
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The desired harmonic function is required to be regular 
in the exterior region including the point at infinity. ' We 
assume that the boundary may consist of several closed sur- 
faces instead of only one, designated by 5i, 52, 5m. We 

'designate the entire set of boundary surfaces by 5. And the 
region Vg designates the region which is composed of all points 
lying outside all the 5,-, or in other words, outside of 5. 

We will formulate the exterior Dirichlet problem for the 
region Vg outside 5 as follows: to find a harmonic function of 
the form u = iv + c, where w is regular in Vg and continuous in 
Vg+ S and c is a constant^ such that we have u ^ f on S and w 
has the mass ilf, where f and M are prescribed. The uniqueness 
of the solution is proved as follows: let Ui=^ Wi+ ci and 
W 2 = W 2 + Cl be two solutions, and let z; ^ U\ — u%= wi—W 2 -\-C 
(C — Cl — C 2 ). Then v takes the value 0 on 5. The harmonic 
function wi — w^ is regular in Vg and continuous in Vg + 5, 
takes the constant value — C on 5 and has the mass 0 (because 
Wi and W 2 have the same mass) . Now , since a regular harmonic 
function with mass 0 can have no maximum or minimum at 
infinity and no maximum or minimum anywhere ih Vg (Chapter 
IV, Art. 8) , it follows that the identity W 1 —W 2 — —C must hold 
in F^-f“5. Since also 0, W 2 = 0 at infinity, it follows 
that C = 0 or Cl == C 2 and Wi=^ w 2 everywhere in Vg+ 5. 

The problem can also be stated in the following form: 
to find a harmonic function u which is regular in Vg and con- 
tinuous in F^+ 5 and takes on the value f on 5. The uniqueness 
of the solution of the problem thus formulated , and its existence , 
will be proved in Chapter XI, Art. 3. 

In the exterior Neumann (or second boundary value) 
problem, a harmonic function u is sought which is regular in 
F^and continuous with continuous normal derivative in Fe+5, 
• du 

and satisfies the condition — = / on 5. In the third boun- 

dn 

dB.ry value problem, the corresponding condition is 
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du . h 


M ==/. 


In both these problems, the uniqueness is proved just as in the 
corresponding interior problems, since the Green’s formula 
used there is valid for Vg. 

We emphasize the following remark: in the interior 
problem, the use of several separate surfaces as the boundary 
is no generalization, as the interiors are several unconnected 
regions; hence here it is sufficient to consider a single boundary 
surface S. 

The three corresponding problems for logarithmic potential 
may be treated in a similar manner. 


Art. 4. The Dirichlet Principle. Direct Methods of Calculus 
of Variations 


We will now investigate further the Dirichlet principle 
mentioned in Art. 1. The first boundary value problem is 
very closely connected with the Dirichlet variational problem: 
to make the ‘‘Dirichlet integral” 


(1) D = D(w) 




dV = 

|j {VwYdV 


a minimum. More precisely, what function, among all the 
functions w which have continuous second derivatives in V +5 
and take on the prescribed continuous values / on 5, gives the 
smallest value for the integral Z>? The same hypotheses as 
before are assumed on the nature of V and 5. 

Assume that the problem has a solution u. Then for all 
“admissible” functions w, i.e. for all functions w (different from 
u) which satisfy the above continuity and boundary conditions, 
we must have D(w) > D(u). If z; also satisfies the continuity 
conditions and vanishes on 5, then w = u + where X is an 
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arbitrary constant parameter, is an admissible function. We 
therefore form D(u + Xy), and, using the abbreviation 


(2) D(u,v) 


f * * dudv 

JJJ ^dxdx 


^dudv du dv 
dy dy dz dz 





^u*\l^vdV 


for convenience, find that 
(3) D(u +\v)=^ D{u) + 


Evidently D(u, u) == D(u). The expression 2\D(u, v) is known 
in the calculus of variations as the ‘‘first variation” of D{u), 
Now it may be seen to be necessary that for every function v 
of the form described, 

(4) D(u, v) = 0, 


Since if D{u,v) 9 ^ 0, we could choose the absolute value of X 
so small that the value of 2XI>(w, z;)+ \W{v) would have the 
same sign as its first term, and then choose the sign of X so that 
\D{u, t;) < 0. Then we would have D('W + \v) < D{u), so that 
u is not a solution of the Dirichlet problem, which is a con- 
tradiction. 


From (4) by the use of the first Green’s formula (Chapter 
III, equation (25)), we get 


D{u, v) '= — 
and because z; = 0 on 5, 


(5) 


v\7^udV+ 


v'S/^udV = 0. 


V — dS, 
dn 


From this, we conclude that 


(6) - 0 

throughout V. For if were not zero, but say positive at 
some point in V, then on account of its continuity it would be 
positive in some neighbourhood, for example in a small sphere, 
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about this point. Then it would be possible so to define a 
function v that it would be positive inside this sphere and zero 
outside it while retaining the required continuity properties 
even at the surface of this small sphere; for this function v, 
we would have 

[[Lv'wdF > 0, 


which is a contradiction to (5). We see therefore that any 
solution of the Dirichlet variational problem is also a solution 
of the first boundary value problem. 

Moreover, it is sufficient to assume that u, v, and w merely 
have continuous derivatives to the second order in V and are 
continuous in F + 5, while nothing is assumed about the 
derivatives on approaching S except that they are uniformly 
bounded. For if S' is a neighbouring surface lying just inside 
5, we may apply the Green’s theorem to the region V' inside 
5', giving 


{^n*Vv)dV = 


v^^udV + 


du ^ 
V — dS. 
bn 


V' V' S' 

Here the surface integral may be made arbitrarily small by 
letting S' approach 5, since v has a value uniformly close to 

bu . » 

0 on S' and — is uniformly bounded there. Moreover, the mteg- 
bn 


ral 


Vn *V7jdV differs arbitrarily little from 


Vu*VvdV 


V V 

and also on account of (4) is arbitrarily near 0. Hence 
[[[ vV‘^udV is arbitrarily small and also arbitrarily near in 


value to 


vV^udV. 


j j j 

V 


But since this last integral has a value 


independent of the passage to the limit, we conclude again 
that (5), and therefore (6), must hold. 
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Now assume, conversely, that w is a solution of the first 
boundary value problem. Then for every function v having 
the required continuity properties and vanishing on 5, we 
have by the Green’s formula that v) =0. ¥LenceD{u+v) = 
D{u)-\-D{v), But it is evident that jE)(y) ^'0, and is only = 0 
when y is a constant and therefore zero throughout V + S 
since v is continuous and vanishes on 5. Hence D(u + z;) > 
D(u) unless ?; = 0. We see therefore that a solution of the 
first boundary value problem is also a solution of the Dirichlet 
variational problem. 

The Dirichlet variational problem and the first boundary value 
problem are therefore equivalent problems. 

They have the same solution, in case such a solution exists. 
(It has been proved, Art. 2, that not more than one solution 
exis,ts.) 

The integrals 19 formed for admissible functions w are 
a set of numbers which has a lower bound, since D{w)> 0. 
From this fact Riemanh concluded that a function u must 
exist, which makes the integral a minimum. This method of 
reasoning is called the '^Dirichlet principle.'' However, the 
conclusion is not valid. Its falsity consists in a failure to dis- 
tinguish between ‘iower bound” and “minimum,” an error 
which led to some false results in early mathematical history. 
An infinite set of numbers which has a lower bound certainly 
has a lower limit m, which has the properties that all numbers 
of the set (except a finite number of them) are > m, but that 
there are always numbers of the set < w + e when e is any 
positive constant, no matter how small. Thus the set of num- 
bers — , — has the lower limit 0. On the other 
2 3 n 

hand, such a number set may have no minimum; in this 
example the number 0 does not belong to the set. The num- 
bers D{w) likewise certainly have a lower limit; but from this 
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it does not follow that a function u exists, for which D{u) is 
equal to this lower limit, or which makes D a minimum. 

Weierstrass discovered the error in Riemann’s method of 
reasoning, and gave an example also where no solution existed. 
However, Hilbert^ later brought the Dirichlet principle back 
into good repute, by showing that under certain limiting condi- 
tions on the boundary and the prescribed boundary values the 
calculus of variations problem actually does have a solution. 
(This accordingly is also a solution of the first boundary value 
problem.) 

If the boundary value problem is solved in any manner, 
as for example by the use of integral equations, then the 
variational problem is thereby solved also. Or, the latter 
problem can be solved directly, as Hilbert did, thereby solving 
the boundary value problem also. We will consider a few 
remarks about the direct methods of the calculus of variations. 
The variational problem may be reduced to differential equa- 
tions (Euler’s equations), and then an attempt may be made 
to solve or integrate these differential equations. This is the 
well known method used in the early calculus of variations. 
More recently, however, the ‘'direct methods” have come to 
the fore, in which an attempt is made to solve the problem 
without reducing it to a problem in differential equations. 
Moreover, boundary value problems in partial differential 
equations may be transformed into variational problems; so 
that the corresponding Euler equations are the given differential 
equations, and then the newer direct methods are applied. 

We will briefly sketch the direct method here in connection 
with the Dirichlet problem. Since the numbers D{w) have a 
lower limit m, there certainly exist sequences of admissible 
functions Wi, ... . such that D{wn) > m as w > oo , This 
is known from the elementary theory of real functions. Such 
a sequence of functions is known as a “minimal sequence.” 

^Journal f. Mathematik, Bd. 129, 1905, and Math. Annalen, Bd. 59, 
1905. 
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But it is not certain, even if a solution u of the calculus of 
variations problem exists, that Wn > u. Therefore it is neces- 
sary to select from the sequence Wn a sub-sequence gn, so that 
we actually have gn > u. To obtain such a sequence, we may 
proceed as follows. Let the region V be covered, or filled out, 
by a denumerable infinity of spheres Ci(i = 1, 2, 3, . . . ). The 
number of the spheres containing any given point inside V is 
finite, but increases without bound as 5 is approached. For 
the sphere Ci the first boundary value problem is solved, using 
the values of Wn on its boundary. (This may be done by means 
of the Poisson integral described in Chapter IX.) Now let 
gn be that function which is the solution of the above boundary 
value problem in Ci and is identical with Wn in the remainder 
of V. The function gn is therefore harmonic inside Ci. The 
functions gn then form again a minimal sequence. For 
D(in) — D(wn) when the Dirichlet integral is taken over Ci, 
and D{gn) —D{Wn) when this integral is taken over the remain- 
der of V. Hence D(gn)^D(wn) when the integral is taken 
over all of V. Now since Z)(Wn.) -yni, it follows that Z)(gn) 

(for certainly it cannot happen that D(gn)< m). Moreover, 
it can be easily proved that the minimal sequence gn converges 
inside Ci to a harmonic function. Outside Ci the sequence 
gn may not converge to a limiting function. This same method 
may be applied to the other spheres C 2 , C3, . . ■ . , leading 
to limiting functions which are harmonic in them. Further- 
more it may be easily proved that all these harmonic functions 
represent the same function, since they are analytic continu- 
ations of each other (see Chapter IX). We obtain in this 
manner a harmonic function defined throughout V, Finally 
it may be proved that this function, like the functions Wn and 
gn from which it was derived, takes on the prescribed value 
/ on the boundary 5 of the region V. This concludes the 
existence proof. 



CHAPTER VIII 


THE POISSON INTEGRAL IN THE PLANE 


Art. 1. Solutioa of the Dirichlet Problem for the Circle 


We will now solve the first boundary value problem for the 
interior of a circle. The solution of this problem is given 
explicitly by an integral over the boundary of the circle, which 
was found by Poisson. 

Let C be a circle about the origin 0 of radius Z, and let a 
continuous function / be given on its boundary 5 (C is the 
interior of the circle). The solution of this interior problem is 

(1) + ij*. 

s 

where r is the vector distance to the field-point P : (x, y) from 
the integration point Q:(J, i?) on the circumference 5 of the 
circle, and n is the outward normal, and hence in the same 
direction as OQ. 

To prove this, write u in the form 


(1*) uix, y) 
The integral 


1 cos (r, n) 

'tt J r 
s 



s 



W = 9 


fcos^^s 


is the potential of a double distribution on 5, and hence a 
regular potential function in the interior C. The second in- 
tegral on the right side of (1*) is a constant, and hence cer- 
tainly a regular harmonic function. Accordingly the function 
uissi regular harmonic function in the interior region C. Since 
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/ is the moment of the double distribution, the potential W 
on approaching the boundary point A satisfies the condition 

Wa-k/a 


(see Equation 45 of Art. 8, Chapter 5), where 

J r 


is the value of W when P is at the boundary point A . 
P at J: on the circle 5, 


cos (r,n) = — cos (OQP) = 



cos (r, n) 
r 


But for 

21 


so that 


- 4 ^ds 
21 




and accordingly, the limiting value of u when P approaches 
the boundary circle at A is 


TT j 

s 


1 

7 


Jds 
J 21 


= fA, 


which concludes the proof that (1) solves the boundary value 
problem. 

This integral can be put in a form better suited for appli- 
cations. For this purpose, introduce polar coordinates with 
the centre of the circle as pole. Let R and <j) be the polar 
coordinates of P, and I and be those of Q. Then 


2lr cos (r, «), 
R^-2lRcos (0 

ds = ld\l/, 


so that the integral (1) is easily seen to become 


(2) u ^ — of 

27rJ IP 
s 


ds 


© 


R^)fd^P 


27rJ 1^ + R^-21R cos{(j) 
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(The quantity P— 7^2 niay, of course, be brought out in 
front of the integral sign.) The integral in this form was 
obtained by Poisson, and it is known as the Poisson integral. It 
is of fundamental importance in potential theory ; and will be 
of great value in the further developments. 



Fig, 10 


The exterior boundary value problem for the circle is easily 
solved. The solution is 

5 

or 

( 4 ) uix, y) =— ®/ — 

2wJ r^ 
s 

Formally, this differs only in sign from the solution for the 
interior of the circle. The proof is entirely similar to that for 
the interior. We emphasize that u is regular also at the infinite 
point. 
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Art. 2. Expansion in the Circle 

We will now obtain the expansion of the solution of the 
problem for the interior of the circle, given by the Poisson 
integral, in the form of a series: 

oo 

u{R, (!>)-—+ S {an cos ncj) + bn sin 

2 M»= 1 


where the an and bn are constants. 

We will assume for simplicity that the circle is the unit 
circle. This can always be dojie through a transformation 


X "V 

which is a mere change in scale: = — , yi = — 

If !/ 


Since har- 


monic functions are evidently invariant under this transfor- 
mation, this assumption is no restriction in generality. From 
equation (2) of the preceding paragraph, we have then 


( 5 ) 

Let 


u{R, (t>) = 


2^ 1 — . P2 

M) = — 

0 1 + jR2 — 2i? cos(<;> — 


dyp. 


z = X + iy = = R{cos (l> + i sin (j >) ; 


then it is easily seen that u is the real part of 


(6) 




'2ir 


m' 




+ z 




d\p. 


For 

+ z _ cos ^ + i? cos <!> + ^’(sin ^ + i? sin <(>) 
— z cos i/ — R cos <jf> + t(sin xp -- R sin 4>) 

But 


A + iB 
C + iD 


' A ^ /{A -f iB) {C - iD)\ _AC + BD 

.C+iD/ C^+ ) C2+D2 ' 


and hence 
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{cos^+Rcos4>) (cosi/' — 2^cos<^)+(smi/'+i^sin<^>) (sin;^ —Rsin<i>) 
(cos \p—R cos + (sin jR sin (py 

^ 1 -R^ 

1 + — 2i^ cosicp — \l/) 

From this, it follows immediately that 

(7) uiR, 4>) = ^{Fiz)). 

For the moment, let 

ze-'‘^ = g ; 

then 

1 1 -4- ^7 

F(z)=5- 

Zir Jq 1 — g 

Now the expansion 

_i_ 1 _j_. g . . . = S 2” 

1 — g n=0 

is a geometric progression which converges for any complex q 
such that |gl < 1 ; this series converges absolutely for \q\ < 1 
and uniformly in the interior of any closed region lying inside 
the circle \q\ = 1. Hence it follows also that for lg| < 1, 

't±^=(l+s)(l+g + S^+....)= 1+2 2 2”. 

1-g «=1 

and hence that for jz] = i? < 1, 

F(z) = — |l + 2 i: d^p. 

27r J 0 I M=1 J 

Since the series in the integrand, for every z such that 
ls:l < 1, converges uniformly in yp, we can integrate the series 
termwise, which gives 

( 8 ) F{z) = - +- i z^y 

27r J 0 n=l Jo 
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This may also be written (on account of the identity z = Re*‘) 

•J r27r 1 

(8*) Fiz) = - + - 2 i?” 

2 'k Jo tt n=i J 0 

By taking the real part of this, we find 

■< r2T 1 °° 

(F(z)) = i- /# + — S / cos n{<p - 
27 rJo ^ Jo 

and by using the identity 

cos n{<t) — ^) = cos nct> cos n\l/ + sin ncj) sin 

we get the desired expansion (see also Chapter VI, Art. 2) 

00 

(9) u(R, <^) = --? + 2 R^{an cos n(t> + bn sin w0), 

2 n=l 

where the constants an and bn have the values 

« 

1 P’" 

<J^n=- /(V')cosn^# (» = 0, 1, 2, . . . 

TT J 0 

1 P’' 

bn = - /(^) sin n^d^|/ (w = 1, 2, 3, . , . . 

TT Jo 

These constants are known as the Fourier coefficients of the 
function fix}/) . 

The above expansion is valid for < 1, or for the entire 
interior of the unit circle. Since the series, obtained by term- 
wise differentiation with respect to R or <f> arbitrarily many 
times, likewise converge uniformly in any closed region lying 
in the interior of the unit circle (from the theory of power 
series), it is known that such series represent the derivatives 
of u. 

From the preceding results, we get the following theorem, 
which is the analogue of Cauchy’s theorem concerning the 
expansion in a power series of an analytic function in its region 
of regularity: If u is a potential function regular in any region T 
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and if 0 is any point of T (which may be taken as the origin 
without loss of generality), then u can he expanded in the form 
(9) . The series converges in the interior of the largest circle about 
0 which contains only points of T in its interior; it converges 
uniformly in any closed region lying in the interior of this max- 
imum circle. It can be differentiated term-wise arbitrarily often 
in this circle. 

To prove this, it is only necessary to let P be a point inside 
this maximum circle, and to take a concentric circle slightly 
smaller which still contains P, and apply the Poisson integral 
to this circle, which leads to the required development. 

We note also the following fact: the expansion of u in the 
form (9) is unique ^ or possible in only one way. For if there 
were a second such expansion, 

-j- cos ncj) + &'n sin n(i>), 

2 

then it would follow that the series 

— — ((fl^n — ^'n) COS n(t> +ibn— b^n) « 0 

2 

in some region about 0 identically in R and <p. Then, for an 
arbitrary but fixed value of 0, this is a power series in R which 
vanishes identically for some interval about 0. Hence the co- 
efficient of each power of R must vanish, so that 

(Zo— a'o= 0 

(an — a'n) cos n<t> +(bn — b'n) sin «<^> = 0, (n = 1, 2, 3 , . . . ) . 

Since these equations hold identically in <#>, we get the desired 
conclusion that a„ = a'm bn = 

Art. 3. Expansion on the Circumference of the Circle 

It may happen that the series (9) converges for P = 1 
and a definite value of d), that is, that the series 
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oo 

(11) - + S {dn COS n<i> + hn sin ^<^)) 

2 «=i 

with the coefficients (10) converges for a definite value of 
The series (11) is known as a Fourier series, aft^r the mathe- 
matician and physicist Fourier, who first used such series in 
the theory of heat conduction. In case the Fourier series con- 
verges, then the expansion (9) , on passing to the limit, gives an 
expansion valid on the boundary circle, 

00 

(12) lim u{R, </)) = = ~ + S {dn cos n(j> + bn sin n(l>), 

2 

To obtain this, use is made of the theorem- that 
00 

(13) lim S R'^(anCosn<j>+bnSinn(j)) = Ti(dnCOsn(j>+l 

or that the process of passing to the limit as i? 1 may be 
interchanged with the 2 sign. The justification for this equa- 
tion is Abel’s theorem in the theory of infinite series,* which we 

00 

will assume here. Let the series 2 CnR^ converge in the open 

W=1 

interval — 1 < jR < 1. Then it converges uniformly in any 
smaller interval — fe :S R k, where 0 < fe < 1, and repre- 
sents a continuous function in this interval, say G{R). Now 
00 

if the series 2 Cn converges, then according to Abel the point 

n=l 

jR = 1 can also be brought into the region of uniform conver- 
gence, so that the series converges uniformly for 

—k ^ R ^ 1. Its sum G{R) is therefore also continuous for 
2? = 1 (of course for approach from the left), or G{R) ^ G(l) 
as i? ■> 1 — 0. But this result is equivalent to the equation 
(13). 

If the series (12) converges for every value of 0(0 ~0 ^2Tr), 
then (12) is valid for all values of 0, and /(0) is developable in 
a Fourier series on the entire circumference of the circle. We 
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sec therefore that: at every point of the circumference at 
which the Fourier series with coefificients (10) converges, it 
actually converges to the function (which has been as- 
sumed continuous). We also note that: if the function /(<i>) 
is developable in a uniformly convergent Fourier series in the 
interval 0 ^ then the coefficients an and bn are certainly 

given by the equations (10). This is proved if we multiply 
(12) by cos n(l> or sin n(l> (n = 0, 1, 2, . . . .) and integrate term- 
wise, remembering the orthogonality of the trigonometric 
functions (see Chapter IV, Art. 6). The expansion in a Fourier 
series is therefore unique. 

Art. 4. Expansion of Arbitrary Functions in Fourier Series. 
Bessel’s and Schwarz’s Inequalities 

We were led to Fourier series in studying the boundary 
value problem for the circle, but will now study them inde- 
pendently of this derivation. 

Letthe function f((l>) beintegrable and of integrable square in 
the interval 0 :^27r.^ 

The Fourier coefficients of / are 

^ *2jr 

(Jo = - fd(j> 

TT JO 

1 1 

an =- f cos n(i>d(^, bn — - f sin n<j)d(l>, n = 1, 2, . . . 

TT J 0 TT Jo 

We form from these the nth ‘'partial sum,” 

(14) 5n = “ + S cos k<t> + bk sin k<t>). 

2 k=i 

We will first prove that the sum of the squares of the 
Fourier coefficients 

(15) ^ + S {ak^ + bk^) 

4 k=i 


Continuity of / is not assumed. 
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form a convergent series. By using the orthogonality pro- 
perties of the trigonometric functions, we find 

2t r2v r2ir r2T 

[/(<^>) — -- 2 fSnd(l> + Sn^dcj) 

0 Jo Jo Jo 

“ fd<p — 2 /^^ + TT S {ak^+ ^A;0|+ + 2 T^idk^+bk^) 

J I 2 k=i ' } 2 k=i 

= pd<l> — + S (ak^+ 6fc0l • 

Jo L ^ ,k=i J 

Since the first member of this identity is non-negative, we find 

that this gives 

( 16 ) ^ + S {(ik^+ b]f) i f^dfi>, 

^ k^i ttJo 

which is known as BesseVs inequality. Moreover, since this 
holds for all values of it is evident further that the sum of 
squares of the Fourier coefficients form a convergent series 
and that 

(16*) ^ + S (ajfe*+ bk^) < I [" 

^ *=1 TT Jo 

From this convergence it follows that 

(17) lim an= 0, Hm &n= 0, 

n-^00 n-^co 

so that the Fourier coefficients of a function integrable with 
integrable square converge to zero. 

Since only the orthogonality properties of the trigonometric 
functions were used in the above proof, we can prove in the 
same manner that: If the functions (l>k{x)y {k = 1, 2, 3, . . .), 
form a normal orthogonal system for the interval a ^ x 
and if the function f{x) is integrable with integrable square 

in this interval, then its Fourier 
satisfy the Bessel inequality 


coefficients Ck = f{x)(j>k{x)dx 
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(16**) 


n 


2 C]? 
k = l 



for every and hence also for « = co . 


(The factor - on the 

TT 


right side of (16) and (16*) occurs because the trigonometric 
functions are orthogonal but not normalized.) From (16**) it 
follows that converges and lim 0. 

k 

It can be shown, as part of the general theory of orthogonal 
functions, that the equality sign holds instead of the inequality 
in (16*). This equation then becomes the “Parseval formula’', 
or the “completeness condition.” However, we cannot go any 
further into the study of “complete” orthogonal systems, to 
which the trigonometric functions belong. 


From (16**) using n = 1, we find ci2 = j^J f^dx; 

the function is of course normalized, i.e., it satisfies the 

condition <j}i^dx =1. If g{x) is an arbitrary integrable 
J a 

function with integrable square, then the function 0i(x) = 
is normalized. Hence it follows that 


i/r 


g^dx 


fgdx 


or 

(16***) 


fgdx 


gHx 


]'-j; 


fdx 


fdx 


gHx. 


This is the Schwarz inequality. It holds for any two functions 
/ and g which are integrable with integrable square on the 
interval a x ^ b. We have here derived it as a special case 
of Bessel's inequality; it can easily be derived directly, also. 
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Our problem is now to determine conditions which are 
sufficient to ensure that a function will be represented by its 
Fourier series. This problem is one of the most interesting 
and important of mathematical physics. There are different 
methods of finding such sufficient conditions. We will con- 
sider here a method which is essentially due to Dirichlet. For 
this purpose, we will first find a simple expression for the par- 
tial sum (14). This sum is 


Sn{<t>) = 


27r 




S /cos k<t> 

7r^=i ( 

+ 2 S cos ■ 

I 


f(\p) cos kxpdyj/ + 


sin k(t> /(^) sin kyj/d\l/ 


sin k<j>^j 

<t>) I 


} 


The interval of integration may be any interval of total length 
27r, since we will assume that/(^) has the period 27 r. 


By adding the equations 


2 sin ~ cos ka = sin(2ib + 1) ^ — sin(2^ — 1) , 


we get the elementary identity 
(18) 

Hence 


1 + 2 S cos ka == 
*=1 


sin(2« + 1) - 
2 

a 

sm - 
2 


Sn{4>) ■ 


27r 


sin(2w + 1) 




m 


ci'n ^ ^ 

Sin 




or , if we introduce the new integration variable ^ = 6, this 

2 

becomes 
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(19) !.(♦) - i V(* + 2.) j,. 

TT J ^ sm 0 

~ 2 

In the last integral, the integration interval must have the 

length TT, and this has been chosen as the interval — - 

2 2 

This formula was obtained by Dirichlet, who derived sufficient 
conditions from it (that/ be represented by the Fourier series). 
The continuity of / is not sufficient. For, it was first proved 
by du Bois Reymondrin an article in the “Abhandlungen der 
Bayrischen Akademie der Wissenschaften,” Band 12 (1876), 
that the Fourier series for a continuous function may not 
converge. On the other hand, continuity is not necessary, as we 
shall soon see. The conditions under which Dirichlet estab- 
lished the convergence, or the existence of lim Sn{<i>)y require 

«-^oo 

that / be continuous and monotone in the interval 0<<^><27r 
or that this interval may be divided into a finite number of 
sub-intervals in which / is continuous and monotone. 

We will again modify the formula for Sn{4>)i and then derive 

other sufficient conditions. We separate the integral (19) into 

0 

. . . . , make the change 

TC 

0 “2 

of variables —B = B' in the second integral, and then write this 
new integration variable as B instead of 6\ obtaining 

^n( 0 ) = - [ ' [f{4> + 20) +/(.^ - 20)] de. 

■jrJ sm 0 

0 

Since Sn{<i>) = 1 for = 1, it follows that 

1 = ? '^ sin(2w + 
irJ sin 0 


the sum of two integrals 
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Multiplying this hy f(<j}) and subtracting Sn{<t>), we find 

(20) m - ^ J " |2/(</>) + 26) -f(4> - 20)| 

sin(2w + 1)^ 


sin d 


dd, 


or introducing the abbreviations for the right member of 
(20) and {2fi<l>)-f(<k + 26) -f{4> -26)} = g(4, 6), 


(20*) fi<t>) - Sn(<t>) = 


TT J 


2 g(«>. 6 ) 
^ sin 6 


sin(2w + 1)^^^ = F{<j>). 


The difficulty in the discussion of F((l>) arises from the fact that 
the denominator sin B vanishes at the point B = 0. We will 
now assume that 

1 g(<^>, 6 ) I 


( 21 ) 


sin B 




holds for some interval 1^1 c, i.e. for some interval about the 
point 0 = 0, while we will consider 0 as fixed. Here c and M 
are positive constants. We now write the integral in the form 


F{<j>) = 


TT J 


0 TT J 6 


where 5 satisfies the condition 0 < 5 
lsin(2« + 1)0|:< 1, 

^^sin(2^t + l)Bdd 


c. Then, since 


1 

TT J 


M , 


0 sin ^ \ TT 

For any given small positive quantity e, we can choose 5 small 

enough so that — < ~ . Having selected 6 in this manner, 
TT 2 

we consider the integral 
1 


^ sin(2n + l)BdB, 

, sin B 
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This integral causes no difficulty, because the denominator of 
the integrand does not vanish in the interval of integration. 

Let h{B) be that function which is identical with the 

sin d 


interval 5 


6 ^ - and vanishes identically in the remainder 

2 


of the interval 0 ^ ^ < 2x, so that h(d) is a function of inte- 
grable square. The integral becomes 


1 

TT 



sin {2n + l)6d6. 


This, however, is the Fourier coefficient & 2 n+i of h{6), and 
therefore approaches zero with increasing n. The absolute 

value of this integral therefore becomes less than - when n is 

2 

sufficiently large. Therefore it follows that 
(22) \f{<t>)-Sn{<l>)\ <€ 


for sufficiently large «, establishing the convergence. 

The condition (21) is therefore a sufficient condition to 
ensure the convergence of the Fourier series to /(<^) at the 
point <l>. If (21) holds uniformly in that is, if there 

exist two constants c and M independent of and 9 such that 
(21) holds for 0 27r and 1^| ^ c, thenf(<i)) can be expanded 

in a uniformly convergent Fourier series in the interval 0 — 27r. 

The condition (21) certainly holds uniformly if the periodic 
function /(<jf>) is continuous with continuous first derivative in the 
interval 2x. For 

/((#> + 28 ) - f(<t>) - 26 f{i) + 26 ) 


f(<l> H- 2^) — /(<^) 


20fik) 

sin 9 


sin 6 


But lim 


sin 6 

“T” 


1, and it is easily seen that 


< 2 holds 


sin 6 
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in 0 ^ . Let C be the maximum value of the functibn 

2 

1/' ((#>)! for 0^ 0 ^ 2 t (which exists because/' is continuous), 
then 


f{<j>+ 26) 

sin 6 

hence 


4C, and similarly 


sin Q 


g{<t>, S) 

sin 6 


< 8C 


^4C, 


so that (21) is satisfied with M = 8C and c 



Also, (21) is uniformly satisfied if the hypothesis is merely 
that f{4>) is piece-wise continuous with piece-wise continuous 
first derivative, and at discontinuities satisfies the condition 

(23) m = i {/(^ - 0) +/{<!> + 0) } . 

For at the discontinuities, 


f{<l>+2e) -/( 0 +O) - 20 /' (f), f{<t>-2e) -/((/>- 0 ) - 2 ^'(£i), 

from which it follows that 


/(<j> -f 20) +/(0 - 20) ~/(<^ + 0) ~ (f<t> - 0) 
sin 0 


^8C = M, 


so that it is seen that (21) is satisfied on account of (23). 

The Fourier series for a function which is piece-wise contin- 
uous with its first derivative converges to the function itself at 
the points of continuity ^ and converges to the arithmetic mean (23) 
at the points of discontinuity. 

The condition (21) may be replaced by the less stringent 
condition 


( 21 *) 




sin 0 


where a is a positive constant (in (21), a = 1). This condition 
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requires that 6^ 


a g{4>. 6) 

sin 6 


remain bounded for ^->0; 


on the 


other hand, 

sin 6 

tion, we find 


need not be bounded. 


Using this condi- 


1 

^ sin (2» + l)ed6 

:sM. 


0 sin B 

X - 



— w , 

wa 


which can again be made less than — by choosing d sufficiently 

2 

small. The remainder of the proof is as before. 

The condition (21*) is certainly fulfilled if the function /(0) 
satisfies at <^> a ''Holder condition'' i.e. if there exist three 
constants c, C, a such that 
(24) l/(<^ + d) f{<p) 1 — for 1^1 c, 

(A function which satisfies a Holder condition is evidently 
continuous, but is not necessarily differentiable.) For, by (24), 


/(<^± 28) -/{<!>) 



sin 6 


6 sin 6 


2C(2ey _ 2 ^ + “C 
e 

and (21*) follows easily. 

If /(<^) satisfies a Holder condition uniformly in 
(i.e., if the constants c, C, a are independent of <^), then the 
Fourier series converges uniformly to /(<^) in the interval. 
Moreover, it converges uniformly to /(<#>), if/(<^>) is piece-wise 
continuous and satisfies (24) in each interval where it is 
continuous, and satisfies (23) at the discontinuities. 


Art. 5. Expansion in a Circular Ring 

Following the expansion of a potential function inside a 
circle, obtained in Article 2, we will obtain an expansion valid 
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in a circular ring-shaped region. This is the analogue of the 
Laurent series in the theory of functions of a complex variable. 

Let the potential u be regular in the region T bounded by 
the circles Ci and C 2 , of radii h and 1% respectively (/i> I 2 ), 
about the origin 0 as centre. Let P be a point of T, Let C'l 
and C '2 be circles about the same centre O, of radii Ri and 
{R\> P 2 ), where Pi is slightly less than h and P 2 is slightly 
greater than h, so that P is between C'l and C' 2 . Then we can 
apply Equation (38) of Chapter III to the region P* between 
these circles, to obtain 


(25) 



We now consider the functions Ui and separately. It is 
evident that each of them is the potential due to a linear dis- 
tribution and a double layer. They are therefore regular for 
all points not lying on the circles C'l and C' 2 . In particular, 
the potential Ui is regular everywhere inside C'l, and can be 
expanded there (and hence at P) in the form 

(26) 2 P”(an cos n<i> + hn sin n<i>). 

2 


The potential U 2 is certainly regular for all finite points outside 


C' 2 . The portion 


2t 


1(1^ 


dn 


ds, being the potential 


of a double distribution, is also regular at infinity. On the other 
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hand, the term — , 
27rJ 


C'2 


log — ^ds behaves at infinity like a 
^ dn 


potential of mass M 


27r J dn 
c 


du 


— ds. Hence this is true also 


for the function itself, so that 


(27) U 2 = M log — + V, 

R 

where the potential v is regular everywhere outside C '2 and 
vanishes at infinity.^ Moreover, the value of the constant M 
is independent of the radius R 2 of the circle C' 2 ; for the integral 
du 

— ds must, of course, have the same value for any circle 
J dn 
c 

between Ci and C 2 . 

The potential v is transformed by an inversion R'= 1/R, 
(!>' = <i>, into a potential which is regular in the neighbourhood 
of the origin of the x\ 3 ;'-plane and vanishes there. Hence this 
transformed function has an expansion of the form 

CO 

= 2 (ci-n cos w<^>' + b^n sin n<j>'). 

w=l 

This expansion is valid for R < l/R^. Hence we have 

00 

(28) » = S R~'"ia-n cos n4> + b-„ sin w<^)) 

n » 1 

for R> R 2 ; hence this is valid outside C' 2 . The series for Ui 
and V have the common region of convergence R 2 < R < Ru 
Thus throughout this region, and hence at the point P, we 
have the expansion 

(29) M = 1 (ao + flo log R) + H { (a„i?" + O-n-R”") cos mb 

«=1 

+ {bnR’" + b-nR~”)sin n4 > ) , 



'■^See equation (39) and the end of Art. 7 in Chapter 3. We have c=0. 
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where M — . This is the desired expansion. Since P is 

2 

an arbitrary point of the region P, this expansion is valid 
throughout the entire region. Hence: A potential which is 
regular in a ring-shaped region about the origin as centre may 
he expanded in a series of the form (29) . The series is uniformly 
convergent in any closed region lying entirely interior to the ring, 
and may he differentiated there arhitrarily often. 

The uniform convergence and term-wise differentiability 
follow from that of the corresponding series for the functions 
Ux and v. The coefficients of the expansion may be found 
in the following manner. First, for any R in the range 
l2<i R lij 


ao + ao log P = -i 
anR"^ + a^nR~~”' = 


bnR^ + h^nR-^^ 


u (P, <j!>) d(}>) 


0 

2x 


u (P, <l>) cos d<t), 


0 

’2x 


uiR, 0) sin n(t> d<j>, 


n = I, 2, .. . 


Now selecting two values Ri and R 2 for R, satisfying the in- 
equalities li< Ri< Ri< h, we find that 

ttso log Ri — diQ log R 2 t <Jio — O 20 
ao = ; ; = , a 0 = 


(30) fln — 


log R\ — log R2 
ainR’t - 


6n = 


RI” 

blnR”l - 


- RI" 
hrM 


where 


(31) 


Rl” 

1 


-Rl” 


I 0’— n — 


6-„ = 


log Rl — log R 2 

dlnR-T” — a^nRT” 

RT^” - ’ 

bi^RT” -b2nRr _ 

2n 


O'kn^ 


hkn= ^ 

TT 


u{Rky (j>) cos n<l> d<t> 
u{Rk, (t>) sin n(j> d<i> 


^ = 1,2 
» = 0 , 1 , 2 , 
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From this determination of the coefficients, it follows that 
the expansion (29) is unique. For if there were two expansions 
possible, then by subtraction it would follow that (co, ^:o, . . d^n 
being constants) 

oo 

0 = i (Co + ^^olog i?) + S { {CnR"" + COS 

«=»! 

+{dnR^+ d-nR~'^) sin n<#>} 

holds identically in the ring-shaped region T. First , the con- 
stants Cjcn and djcn corresponding to a^n, bkm given by formulas 
(31) with u = 0, are all zero; hence the coefficients Cq, c'o, Cn, 
dny d,^n are all zero. 

Special cases of the above expansion are obtained when 
1-2= 0 or li= CO. The case Z 2 = 0 is especially important, 
giving the expansion of a potential in the neighbourhood of 
an isolated^ singularity. The expansion (29) is then valid 
everywhere, except at the origin (centre), inside the circle of 
radius h. 

We can now prove the following theorem (essentially due 
to H. A. Schwarz) : If the logarithmic potential u is regular in 
the neighbourhood of a finite point 0 {with the possible exception 
of the point 0 itself) and remains bounded on approaching 0, 
then u is also regular at 0. For we may take 0 as the origin 
and use the expansion (29) in its neighbourhood, 0 < < Zi. 

In the determination of the coefficients, we may take R 2 as 
small as we please. By the hypothesis, the coefficients akn 
and bjcn remain bounded as R 2 0. Hence it follows from (30) 
that the coefficients a'o, may be made as small in 

absolute value as desired by taking R 2 sufficiently small. But 
since they are constants and do not depend on Ri for their 
values, they are all zero. This was to be proved. 

singular (that is, not regular) point P of « is called an “isolated” 
singularity if u is regular at all points of a neighbourhood of P, except P 
itself. The reader should give examples. 
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The above theorem remains valid when 0 is the point at 
infinity. The proof is immediate, after using the inversion to 
change the point at infinity into the origin. 

The hypothesis of boundedness in the region of infinity is 
certainly satisfied if lim u exists. Hence the theorem may be 

put in the following special form: If the potential u is regular 
in the neighbourhood of infinity {except perhaps at infinity), and 
lim u exists f then u is regular at infinity. It follows, of 

R>oo 

course, that RWiU is bounded (see Chapter II, Art. 7). 

Art. 6. The Equipotentials are Analytic Curvesi 

By using the expansion of a harmonic function in the 
interior of a circle, we will now obtain important properties of 
the equipotential curves. Let the potential regular in the 
neighbourhood of the point 0, take on the value Wo there; we 
will take 0 as the origin, and investigate the equipotential line 

(32) u{x, y) = uo 

(a constant) in the neighbourhood of 0. 

The function uix, y) is analytic (Chapter IV, Art. 1) at 

0; if at least one of the partial derivatives, say — , is not zero 

dx 

at 0, then 0 is a regular point of the curve. By the implicit 
function theorem, there exists one and only one analytic func- 
tion y =/Cr), which is regular at a: == 0, takes on the value 
0 there, and satisfies u - Uo identically in x. 

In case both partial derivatives — , — vanish at 0, then 

dx by 

0 is a singular point of the equipotential (32), and is indeed a 
multiple point,* as will be seen at once. Let w, ^ 2, be the 
order of the lowest derivative which does not vanish at 0; then 
we have in the neighbourhood of 0 the expansion 
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w = Wo+ S R'^ian cos + bn sin n(j>), 

n=m 

since the coefficients oi all vanish, while a^r 

bm cannot both be zero. 

In order to solve (for (t>) the equation 
00 

(32*) u ^ 710= 2 R'^icin cos n<t> + bn sin n<t>) = 0, 

n—m 

or the equivalent equation . 

(32**) H{R, <t>) = cos m<t> + bm sin m<l> + R{ ) = 0, 

in the neighbourhood of the origin, we may proceed as 
follows. First find a pair of values R = 0^ <t> = <t>o satisfying 
the equation; that is, (t>o must satisfy the equation 

Cm cos m4> + bm sin m4> = 0. 

From one solution of this equation, all the others are obtained 

by the addition of ~ where k is any integer. Hence the 
m 

equation has exactly m solutions in the range 0 :^ (^ < tt, 

spaced at the equal angles ~ . The derivative 

m 

dH 

— = m(‘- am sin + bm cos m<l>)+ R (, . .) 
d<t> 

cannot vanish for i? = 0, = <^o- For this would mean that 

simultaneously 

— am sin m(j)o+ bm cos m<i>o= 0, 
bm sin w<^o+ dm cos 0, 

so that dm^ + = 0; but am and bm are not both zero. Hence 

there is one and only one analytic function <!> = (i>[R) which is 
regular near R = Q and takes the value <t>o there, and satisfies 
H{R, (i>)= 0 identically. Corresponding to the m different 
values (po, there are m such analytic functions <t){R). The cor- 
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responding curves are identical with the curve u = UQin the 
neighbourhood of 0. They cut each other in 0 at the equal 


angles — . Hence we have proved that: The curves u= const, 
m 

are analytic curves. Any singular point can only he a multiple 
pointy in which a finite number of branches meet at equal angles. 

Other types of singularities, such as corners, cusps, end- 
points, and isolated points, cannot occur. For example, in the 
potential u — — yS the equipotential lines w = 0 are the 


straight lines y — x and y = —x, which cut at the angles 


T 

2 * 


Art. 7. Hamack^s Theorems 

Let D be a finite plane region bounded by C. We will prove 
the following theorem, due to A. Harnack: If the series 

00 

(33) S Unix, y), 

n=: 1 

with terms Un which are regular potential functions in D and 
continuous in the closed region X> + C, converges uniformly on 
the boundary C, then it converges uniformly in the region D + C 
and represents a continuous potential function u there. The series 
may be differentiated term-wise arbitrarily often in any region 
interior to D. The derived series converge uniformly in D 
and represent the corresponding derivatives of u. 

The proof rests on the theorems about the positions of 
maxima and minima, and on the Poisson integral. On ac- 
count of the uniform convergence, for any positive € there is 
an n, such that for any point .4 on C and any integer p, 

\Un^l{A)-\- Wn+2(^)+. . .+Un+p{A)\ < €. 

The n is independent of A, and dependent only on e. Now 
the finite sum 

Un+\{x, y) + Un-^i{x, y) +. . . .+Un+p{x, y) 
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represents a regular harmonic function in D, continuous in 
D 4" C. Its values for all points of C lie in the range between 
— € and +6. Hence in the entire region D + C (remember 
the position of the extrema) 

\un+i{x,y)-\- 3;)+. . .-\-Un+p{x, y)! < t, 

from which the uniform convergence of (33) follows. The 
function 

00 

(34) u{x,y)= S 'Un{x,y) 

M =1 


is continuous in + C, being the sum of a uniformly con- 
vergent series of continuous functions. In order to show that 
it is harmonic, we use the Poisson integral. Let P:(x,y) be 
an arbitrary point of D, Take a circle K which lies in D and 
contains P in its interior. Use the centre of the circle K as 
origin, and let I be its radius. Then by Poisson's integral, 
Equation (2), 

1 72 __ P2 

(35) Un(x, y) = w = 1, 2, . . ., 

27r J 0 


where, of course, Wn(\^) means the value of Un{x, y) on the 
circle K. Hence 


t{x, y) = 2 


1 


n= 1 2tTr j 0 


UnW) 


But since S Wn converges uniformly in i? + C, and hence on 

M =1 

/2 _ J12 

the circle K, this is also true for S«^n(^) ; hence we 


may integrate term-wise, which gives 


1 r2T r cx> 

ti(x,y)= — < S «^n(^) 

27rj0 tn=l 


P2 

r2 




or 
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(36) 


u{x, y) = 


2t 


‘ 2 ^ 72 _ 

u{^y— 

0 r 




drp, 


where u(}p) is the value of u{x, y) on the circle K, Thus the 
function u is represented in the interior of iC by a Poisson 
integral over the continuous boundary values so that ti 

is a harmonic function there and hence is harmonic in the 
neighbourhood of P. But since P is an arbitrary point in D, 
the function u is harmonic throughout D. 

In a similar manner, it can be shown that: a series of regular 
potential functions which is uniformly convergent in every sub- 
region of D represents a potential regular in Z>. 

As for the partial derivatives of w(x, y), we have for all 
points inside the circle K 

^ = 1 . 

dx 2t . 

and for n = 1, 2, 3, . . 

dUn ^ 1 
dx 2 t , 


'2t 




^n{^) — I ; — ) # ; 

0 dx\r^/ 


du 

dx 


so that, again by term- wise integration, 

(37) i 

«= 1 dx 27 r J 0 ( / dx \ r^ / 

This equation is valid for all points P in D, 
d /l^ — R^\ °° 

Since the series ~ I ) 2 Wn(^) converges for all 

dx \ r^ / 

points \p on the circumference of the circle K and all points 
(x, y) of any sub-region of if, and converges uniformly, 

dUnix^y^ *r 1 • • TT 

2j converges uniformly in any such region. Hence 

n»i dx 

the uniform convergence follows in any circular region lying 
interior to D. Similarly it can be shown in general that 
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( 38 ) d<-+^u(x, y) ^ I 3^+%n(x,y) 

dx^dy^ «=i dx^dy^ 

is valid in the entire region D, 

The series above converges uniformly in every circle 
interior to P. In order to show that the uniform convergence 
holds for any sub-region of D (lying in its interior), we use the 
Heine-Borel theorem: If every point of a bounded closed 
region is an interior point of a circle, then the region is covered 
by a finite number of these circles. The convergence as 
stated above follows immediately from this. This completes 
the proof of Harnack’s theorem. 

A second theorem due to Harnack is: If Wi(x, y), y) 
is an infinite sequence of regular non-negative har- 
monic functions in Dy and if the series converges at a point 
0 of Dy then it converges uniformly in any interior sub-region of D 
and represents a regular harmonic function in P. 

To prove this, construct about 0 as centre a circle K of 
radius /, as large as possible but lying interior to the region P; 
then for all interior points of Ky 

Unix, y) = — UnW — #• 

27r J 0 r^ 


Since both Un and are non-negative, the value of each 

integral is increased when r is decreased. The smallest value 
which r can take is / — i?. Hence 


fix 


-J 

so that 
(39) 


UnW) 

0 ^\l-RY 


dp = — 


1 l + R 


2t I -RJ 


UniP)dpy 


Unix, y) 

I — iv 


from the mean value theorem. The inequalities (39) hold for 



220 


The Poisson Integral in the Plane Chap. VIII 


all interior points of K, From these inequalities, it is seen 
that the series converges for all such points P, and converges 
uniformly for any closed region lying entirely interior to the 
circle K, It represents therefore a regular potential in the 
interior of K. Now let O' be a point inside K but near its 
circumference, and describe about O' a circle K' as large as 
possible in P, in general extending outside of K. Then the 
series converges at O' and hence inside the circle K' and repre- 
sents a regular potential function there. By continuing the 
function in this way, we can prove that the series converges 
and represents a potential function at any interior point P 
of D. Moreover, the series converges uniformly in any circle 
lying inside Z>, and hence in any closed region interior to D 
(from the Heine-Borel theorem).** 

Art. 8. Harmonic Continuation 

Analogous to the method of analytic continuation used in the 
theory of functions, we have for potentials or harmonic func- 
tions a method of “analytic continuation of a regular potentiaP’ 
or “harmonic continuation. “ This is defined as follows: A 
harmonic function w, defined and regular in a region P, is 
analytically continued when a function is defined which is 
regular and harmonic in a region D', which extends outside D 
but has a region P* in common with P, this function being 
identical with u in the common region P*. 

The analytic continuation of a harmonic function across a 
definite piece of boundary is possible in only one way. For if v 
and w are regular potentials in P' and are identical with u 
in P*, then v-- w is a regular potential in P' and is identically 
zero in the sub-region P* of P'; from which it follows that 

^Replacing in the above theorem the condition ‘'non-negative” 
functions by “monotone" sequence (that is either ^ wa . . . or 

^ M2 < tta . . . everywhere in D) , one gets another Harnack Theore 
The reader should prove it. 
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v — w must vanish identically throughout D' (Chapter IV, Art. 
1), so that V and w are identical. 

The method, used in function theory, of analytic contin- 
uation by means of power series has its analogue here in expan- 
sions of the form (9) of Art. 2. The expansion is valid in the 
maximum circle, just as in the theory of functions. 

On the other hand, we must investigate more carefully the 
process of “reflection” (well known in theory of functions). 
The fundamental theorem is: If the potential u is regular in a 
region D which has a segment AB of the x-axis as part of its 
boundary y and if u is continuous in D AB and vanishes iden- 
tically at the inner points of ABj then u can be analytically con- 
tinued into the reflection D' of D in the x-axis by assigning to 
the continued function at P' the value — ‘w(P), where P' is the 
reflection of P. First, it is evident that the function 

( u{P) at the point P of P 
(40) p = J 0 at the inner points of AB 

y^uiP) at the point P' symmetric to P 


is continuous in the entire region D + D', and in particular is 
continuous at the inner points of the segment AB, Moreover, 
it is a regular potential in D' as well as in D, We will use the 
Poisson integral to prove that F is also a regular potential at 
the points in the segment AB, Let 0 be any inner point of 
the segment AB, and take a circle K about 0 of radius I, small 
enough to lie in P + D\ Consider the function 


(41) 


27r J 


■ 2 ^ 72 _ J?2 

0 r 


This function is a regular harmonic function in the interior of 
K; it vanishes identically at points on the line-segment AB 
since the symmetric elements of integration cancel in pairs. 
Also, in either half-circle it is identical with P, since P and ^ 
take on the same boundary values in either half-circle and are 
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harmonic within it. But F and # are also identical along the 
segment AB, so that F ^ ^ everywhere inside iC, Hence F is 
a regular harmonic function inside K and thus, in particular, 
at the point 0 on AB, This completes the proof. 

The above theorem may be generalized as follows: If the 
potential w, regular in P, takes on the value g{x) on AB where g 
is an analytic function, then u can be analytically continued, 
across AB, 

Because it is analytic, g(x) can be expanded in a power 
series 

00 

g(x) = S Cn(x — JCo)" 
w = 0 

in the neighbourhood of any inner point Xq of AB, It is known 
that this series also converges for complex values of its argu- 
ment and represents an analytic function of the complex 
variable 2 = x + fy in a circular region about z = xq. This 
function g(z) — Icniz — xq)^ is therefore analytic in a circle 
extending to both sides of AB, and takes on the value g{x) on 
the line AB. The real part Ui of g(z) is harmonic inside this 
circle and takes on the value g{x) on AB, Hence u-ui is a 
regular potential defined in a certain neighbourhood above the 
line AB and vanishing on this line, so that, by the preceding 
theorem, it may be analytically continued across AB, But 
since ui is already defined below the line AB, this gives an 
analytic continuation of u. 

A still more general theorem is: If u is a regular potential 
in the region D, which has an analytic curve AB without singular 
points as part of its boundary, and if u takes on analytic values 
along AB, then u can be analytically continued across AB, Let 
O be an arbitrary inner point of AB, and let the equation of 
the analytic arc AB in the neighbourhood of O be 

X = p{t) = ao4" ai{t — /o)+ a^{t — • • • 

y = p{t) = &0+ b\{t — /o)+ l>%{t — /o)^+* • • • j 



Art. 8 Continuation Across an Analytic Curve 223 

with the point 0 corresponding to the parameter value /o- 
On AB we have u{x, y) = \p), and this is, according to 

our assumption, an analytic function of L Since 0 is not a 
singular point, ai and hi cannot both be zero. Form the series 
z ^ X + iy <t>(t)+ 

This series converges also for complex values of its variable, 
which may be designated by Z, and is an analytic function 
z = f{Z) = ao+ -- io)+- - - • 

defined in some neighbourhood of Z = to. Since 

= ibi 9^ 0 , 

Z= ia 

there exists a unique inverse function, Z = F(s), which is a 
regular analytic function in some region about 2o= ^o+ 
takes on the value to at and satisfies z = /(Z) identically. 
This function maps the neighbourhood of z — Zo» in a one-to- 
one reversible manner, conformally on the neighbourhood of 
Z = to. By this map, the curve AB in the neighbourhood of 0 
maps into a portion of the real axis of the Z-plane, containing 
the point Z = Iq, If we set Z = Z + iY, the potential u 
defined on one side of the curve AB becomes a potential 
U of (X, F)^ defined on one side of the axis of reals of the 
Z-plane, which takes on analytic values on a portion of this 
axis. By the preceding theorem, U can be analytically ex- 
tended across the axis of reals, and on mapping this extended 
function back on the (x, y) -plane we obtain an analytic 
continuation of u across the curve AB, Since 0 was an 
arbitrary point of AB, this theorem holds along the entire arc. 

We note the following special case: If the entire boundary 
of jD is a single analytic curve without singular points (as, for 
example, a circle), then a regular potential u which takes on 


dz 

dZ 


^See Chapter VI, Art. 4. 
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analytic values on the entire boundary can be extended every- 
where across the boundary, giving a regular harmonic function 
in a larger region which contains!), together with its boundary, 
in its interior. However, if the boundary C contains points 
where C is not analytic, as when C is made of several analytic 
arcs meeting at angles, these points cannot in general be con- 
sidered as interior points in an extended region of regularity. 

Art. 9. Green’s Function in the Plane 

We now come to Green's function. It plays an impor- 
tant role in potential theory, particularly in solving boundary 
value problems, and in conformal mapping (Art. 12). Con- 
cerning its physical meaning (in 3-dimensional space) in elec- 
tricity, see Chapter IX, Art. 2. The connection between 
Green’s function and the Dirichlet problem is based on equa- 
tion (44). It can be shown directly that the function defined 
by the integral in (44) solves the Dirichlet problem (see, for 
instance, Frank-Mises, ‘‘Die Differential- und Integralgleich- 
ungen der Mechanik und Physik,” Braunschwig, 1930, vol. I, 
pp. 702-4). But we shall only draw some conclusions from (44), 
and shall solve the boundary value problems later (Chapter 
XI) in another way. We now define Green’s function. 

Let Rhea, finite plane region with boundary curve C. The 
Green's function G for the region R is a function of two points 
P:{x, y) and Q:(^y rj)i of which P varies in R and Q in R + C, 
with the following properties '.regarded as a function of (?, rj) with 
P fixed, it is a regular harmonic function in R {except at P) and 
continuous in + C. It becomes logarithmically infinite as 
Q’h P, in such a way that 

(42) G(x, y; 1?) - log- - =:z_=_ ^ . = w(xy; rj) 

V(x-^r+ (y-vy 

is a regular harmonic function at P also. It vanishes on the 
boundary C; that is, it has the value zero when P is any point in 
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R and Q is any point of C. It is, of course, first necessary to 
prove that the Green’s function exists for a region* We assume 
that C possesses a continuously turning tangent except for a 
finite number of singular points. The determination of the 
Green’s function is then a special case of the first boundary 
value problem, since is a regular harmonic function of ($, ?;) 

in Ry continuous in R + C, which takes on the value —log — 

r 

on C. Since P lies inside P, this boundary value is continuous. 
The existence of Green’s function for certain regions now 
follows from the argument at the end of Chapter VII. (See 
also Art. 12 on p. 242.) 

dCr 

If G possesses a continuous normal derivative — on C, 

dn 

the boundary value problems with given continuous boundary 
values may be solved if G is known ; and the general boundary 
value problem may be reduced to a particular one, that of 
finding Green’s function. To prove this, we may begin with 
the formulas (for P inside P) 



which hold for and v any two potentials regular in P and 
continuous in P + C, possessing continuous normal deriva- 
tives. By addition of these, we find 


(43) 


u{x, y) 
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Now let V be the above function w G — log — , which is per- 

r 

duu 

missible since the existence and continuity of — follows from 

dn 

dG 

that of — ; this gives the important formula 
dn 


(44) 


u{x, y) = 


2t 


, dG. 

® M — 05. 

dn 


It is possible to show that the hypothesis of a continuous 

normal derivative — is not required; to do this, it is necessary 
dn 

to investigate more closely some of the properties of the Green's 
function. Since w is continuous in i? + C (and hence in the 

neighbourhood of P) and is accordingly bounded, but log— 

r 

becomes positively infinite on approach to P, the Green’s 
function likewise becomes positively infinite at P. Hence, if 
we surround P by a small circle lying in P, G takes on large 
positive values everywhere on this circle. Since G is zero 
on the boundary C, and G must have its minimum on the 
boundary, it follows easily that G is positive everywhere in R. 
We will now assume that R is simply-connected. The equation 


G = const. = c > 0 


then represents a closed analytic curve without singular points 
lying inside C and containing P in its interior. For, this curve 
is an equipotential curve, and hence is analytic. It must be 
a closed curve, since equipotential curves can have no end- 
points, and because it cannot extend to infinity since it lies in 
a finite region.® Finally, if it did not contain P or possessed 


®It cannot intersect the boundary C, on which G ^ 0. 



Art. 9 


The Curves G = Constant 


227 


multiple points, there would be a portion of R, not containing 
the point P, bounded by an equipotential with G harmonic 
inside and constant on its boundary; from this it would 
follow that G is constant in this entire portion (remember the 
uniqueness theorem) and therefore also throughout i?, which 
is not the case. 

The curves G = c lie near C when c is small, and near P 
when c is large. It is evident that the family of curves for 
0 < ^; < 00 simply covers the region P. In the limiting cases 
c > 0 and o a> , the curves approach the boundary C or 
shrink toward P respectively. Any such curve G == c separates 
R into two regions; an inner region where G > c and an outer 


region where G < c. On any curve of the family, — is there- 
fore everywhere negative. 

Apply (43), putting v = w, to the region inside one of these 

curves G — c, which may be designated by Cc\ this gives, since 

u possesses a continuous normal derivative on this curve, 

1 dG , 
^u — as. 
dn 


, , 1 f dG\. c (du. if 

u(x, y) — G— — U—)ds = — '^-r-ds 

2Tr J \ dh dn) 27r J dn 27r . 

Cc Cc Cc 


But the first integral has the value zero, since u is harmonic in 
the interior, so that 


u{x,y) = 


2 ^ 


dG jj 
u — ds. 
dn 


Cc 


Now let o 0, and because u and — are continuous on ap- 

dn 

preaching the boundary C of P, we again get (44) without the 

dtc 

use of the hypothesis of continuity of — on the boundary. 

dn 

dn 

Since any hypothesis on — has been eliminated, equation 

dn 

(44) gives an explicit solution of the first boundary value 
problem in terms of the Green’s function, ij a solution exists. 
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We need merely substitute for « in (44) the given boundary 
value / (continuous). But it still remains to be proved that 
1 * dG 

— ^ of — ds is really a solution of the boundary value prob- 
2 ^ y dn 
c 

lem. We will not investigate this question here. 

If the region R is not bounded, and f br simplicity is assumed 
to be the exterior of a simple closed curve C, the above defin- 
ition of the Green’s function can be used still ; it must be regular 
at infinity. 

As for the hypothesis that — is continuous on C, this is 

ou 

certainly true if C is a single analytic curve without singular 
points, as a circle, for example. For, the potential w takes on 

C the analytic values — log — , so that w can be analytically 

r 

continued (see end of Art. 8) everywhere across C. Hence the 
points of C are inner points of a larger region in which wisz. 
regular harmonic function. In this region, w has continuous 

derivatives, and hence — and — are continuous on approach- 
ing C.-' 

The Green's function is symmetric with respect to P and 
Q; i.e., 

(45) G(^, y ; rj) = G(?, rj; x, y). . 

To prove this, let Pi:(xi, yi) and P2'-{oci, y^) be any two points 
in jR, and exclude the regions around these points by two small 
circles about them, Ki and of radii di and 62; apply Green’s 
formula to the remainder of the region, using 

(f, 17) == G(xu yr, 1?) == Gi] v(^, tj) = G(x2y 3^2; v) == G2. 


shall solve the boundary value problems in Chapter XI under 
certain conditions as to C and /. If these conditions are satisfied and G 
has a continuous normal derivative on C, the equation (44), with w re- 
placed by /, certainly gives the solution. Moreover, it is obvious that 
(44) gives the solution if C is a circle (see Art. 1 and Art. 10). 
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Since Gi and G 2 are harmonic in the region, we have 



Here the first integral vanishes, since Gi and G 2 vanish on C. 
Now let j ^ 

Gi=log~+wi, G2=log- + ^^2, 
ri r2 


where ri and r 2 naturally represent the distances PiQ and PaQ, 
respectively. Then 



Ki 


The integrand of the first integral on the right is bounded in 
the neighbourhood of Pi, so the value of this integral ap- 
proaches 0 as 5i -> 0 ; but from (38) of Chapter III, the second 
integral has the value —2wG2(Fi). Hence 

lim ( ( Gi ds = -2^G, !<*• 

\ dn dnj 

= — 27rG(x2, yz; xi, yi), 

and similarly, 



K2 


_ Ga— = +2 tGx |(e- 

dn / ^ ^ . 

= 27rG(xi, yi; y2). 


So that we finally have the result that 

G(xi, yi; :x: 2 , y^) — G(x 2 , y%; xi, yi) = 0, 
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which completes the proof of the symmetry, since Pi and Pg 
are any points in P. 

In order to avoid, in the above proof, the need of the hypo- 


bn 


thesis of a continuous ^ on C, we may proceed as follows. 


We use one of the equipotential curves Gi^ €> 0, designated 
by Ce, in place of C, and apply the Green's formula to the 
region between this curve and the two small circles excluding 
Pi and P 2 , and then let e > 0. We have only to prove that 


r bGi ^ dGA , 


Now 


Ci 


^ bG ^ , r ^G % , 

-to* 

c« c. 


_ r 

-'J 

c« 


b logi 


n, , .[dWi 


bn 


ds + e^~^ds 
J dn 

Ct 


= € (— 2x) + 0 
= —27r€, 

since Ws is harmonic inside C«. 

Let ju be the maximum of IG 2 1 on C.; then since — <0 


C* Cm 


Hence 


a. 


c« 


bn 


Gi^ -G, 


bn 




<C 2!7r(c T“ /i)* 


Now when e > 0, C* > G, and // > 0 since G 2 vanishes on C, 
so that we have proved the desired limit. 
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From the symmetry it follows that G is also a regular 
harmonic function of (x, y). 

In the above, the symmetry of G in i? has been proved. 
We may now extend the definition of G, therefore, by allow- 
ing P (as well as Q) to lie on C as well as inside R. We define 
G(P, Q)= 0 for all points P on C and Q in R + C, excluding 
only the possibility of P and Q coinciding. Then the function 
G(-P, Q) is defined for all distinct pairs of points P, Q in the 
closed region P + G. The property of symmetry holds also 
in the closed region. 

Art. 10. Green’s Function for the Circle 

The Green’s function for the circle may be explicitly repre- 
sented by elementary functions. Let the circle have the origin 
0 as centre and the radius L Let the point P':(x', y') be the 
''reflection” in the circle of the point P:(Xj y); i.e., the point 
with polar coordinates R', <t>' given by the equations 

P 

Let r' be the distance from Q to P'; then for all points Q on 
the circumference of the circle the ratio r/r' is constant, that 
is, it is independent of Q and dependent only on P. For, on 
account of the similarity of the triangles OPQ and OQP\ 

r ^R 

r' 7 

for all points Q on the circle C. Hence the Green’s function 
is given by the expression 

(46) G{x, y, v) = —log- + log y = log- - log-^. 

r I r Rr 

It is easy to check the fact that this function has the 
defining properties of the Green’s function. 
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The symmetry of G can be made evident as follows. Since 


, Px , Py 
X = — , y — — , 


it follows that 




= Vp- 2P{x^ + yn) + R^(e + v^). 


Hence 


(46*) Gix, y; i,v)= — log'\/(a; — J)“+(y — t?)^ 

4- logV P- 2P{xi + yn)+(i^“+ y)(?"+ »)*) - log 1. 

The symmetry of the function is evident when written in this 
form. 

The Green’s function for the exterior of the circle is 


G = logi -log-^ . 
r Rr 

In this, of course, P lies outside the circle and P inside. That 
G remains regular when Q:(f, >?) goes to infinity, may be seen 

r' R 

as follows: we may write G in the form G — log — h log 

r I 

Since R/l is independent of (J, 77 ), it is sufficient to prove the 

r' 

regularity of the potential log - = g at infinity. But, as 

r' 

with P fixed, it is evident that-> 1, so that 

r 

lim g = 0, which is sufficient (see Art. 5). It is immediately 
evident that G satisfies the other characteristic properties 
which define the Green’s function. 



Art. 11 


The Characteristic Function 


233 


We can now give another derivation of the Poisson integral, 
by applying (44) to the interior of the circle C. The formula 
is certainly applicable, since the normal derivative of G is 
obviously continuous on approaching the circle C. From 


G = 


we find — = 
dn 


R 

log r +-log /+log-, 

I 

d log r d log r' . . R . . , 

^ since log - IS indepen- 

dn dn ^ I 


dent of 7?), or 

^ (^> __ cos(r', n) 

dn r / 


Since R^= r^+ 2lr cos (r, n), 

i?' 2 = 12 ^ 2lr' cos n), 

this gives dG _ -1 /P- R^ i?'2\ 

dn 21 \ r'2 / 

T R • 

Now RR' — P, and- = - since Q is on the circle C, from 
r I 

which it follows that 

P-R'^ _B?-P 
/2 ^2 


From this we find finally that 
-1 


dn \ I ) 


-1\ P-R^ 


so that 


u =- 


2Tr 


. dG. I [ P-R^^ 

© u — as = — o u as. 


dn 


2tcI 


This is Poisson’s integral. 


Art. 11. Green's Function of the Second Kind. Charac- 
teristic Function 

The Green’s function of the second kind N{P, Q ) , also called 
the characteristic function, is defined in the following manner 
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(compare Art. 9) : It is a regular harmonic function of Q:(^, n) 
except at P in the region 7, continuous with continuous normal 
derivative on approaching the boundary C. It becomes loga- 
rithmically infinite at P, in such a way that 

(47) N(P, Q)- log- = w(F,Q) 

r 


is a regular harmonic function at P also, 
boundary condition 


(48) 



On C it satisfies the 


The constant c is not arbitrary, but is determined in the fol- 
lowing manner: since w is harmonic everywhere in 7, 


so that 


6 

J 

C 



= 0 , 


r I ^ 7 I ^ A ^ 

9 as — c ^ as = cL = ® ( log- ) as, 

J aw J J dn\ / 


where L is the perimeter of C. But 



where Z is a small circle about the centre P. Hence 

L 

The proof of the existence of iV is a special case of the 
second boundary value problem, since w, considered as a func- 
tion of Q, is a regular harmonic function in 7, continuous in 
7 + C with continuous normal derivative, which satisfies the 
boundary condition 
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Hence it follows that A’(P, 0, in case it exists, is uniquely 
determined to within an additive constant; this constant, 
however, may depend on P. 

Just as in the case of the Green's function in Art. 9, we can 
prove that the characteristic function Q) is symmetric, 
that is, 

(49) NiP,Q)^NiQ,P), 

Hence it follows that this function is uniquely determined 
but for an additive constant independent of both P and Q. 

If «(P) is a function, harmonic in V and continuous with 
continuous normal derivative in F + C, then 

(50) «(P) = ® N(P, Q)^ds + ^iuds. 

Jtt J dn 27 r J 


If u is sought as the solution of the second boundary value 
• . du 

problem with the boundary condition— = /, then this boun- 

dit 

dary value can be used in the above integral. Since u is only 
determined up to an additive constant, we can prescribe the 


condition j uds 0. Then we have the equation 
c 

(51) u(P) lN(P,Q)f{Q)ds. 

Ztt j 
C 

Thus the second boundary value problem is reduced to the 
determination of the characteristic function N{P, Q), That 
means: Equation (51) would give the solution if a solution 
exists.® 


Art. 12. Conformal Mapping and the Green’s Function 

Let Z = f{z) be an analytic function (single-valued) of the 

Hn Chapter XI we shall prove the existence of the solution under 
certain conditions as to C and /. 
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complex variable z* We assume that it is regular in a neigh- 
bourhood of z = Zo and the derivative does not vanish at Zq; 
then the inverse function z = h(Z) is single-valued and ana- 
lytic regular in the neighbourhood of the corresponding point 
Zo== f(zo), (This is the analogue of the implicit function 
theorem for real variables.) Then the region around Zq is 
mapped in a one-to-one reversible manner on the neighbour- 
hood of Zq by the function Z = f(z). We will investigate 
this mapping. 

Let C be an arbitrary curve through Zq with continuously 
turning tangent. By the mapping, this corresponds to a curve 
L through Zq. Let z and Z be corresponding points on C and 
i, then the derivative /'(so) is the limiting value of the differ- 
ence quotient, 

f(zo) = hm , 

Z^ZO Z — Zo 

and hence 

Z - Zo = {/(zq) + e)(z - Zq) , 
where lim € = 0. Hence 

a->so 

\Z — Zq\ = |/'(2o)+ e| |z — 2o! 

and 

arc (Z — Zo) = arc (/'(zo)+ e)+ arc (z — Zo). 

(By arc (z — zq) is meant the angle which the directed line- 
segment zqz makes with the positive real axis of the s-plane, 
and arc (Z — Zo) has the same meaning in the Z-plane.) Now 
when z •> So along C, Z Zq along L; then 

lim arc (s — zq) = 0, lim arc (Z — Zo) = 0 

are the direction angles of the tangents to C and L at Sq and Zq 
respectively. On passing to the limit, since € ->- 0, we have 

0=0-1- SiTCfiZo). 
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Since f (zq) 9 ^ 0 , arc/'(^o) has a definite value. 

Now/'( 2 :o) is independent of the curve C, being only depen« 
dent on Zq (and the function/). Hence, if Ci is another curve 
passing through Zq, and Li is its image or corresponding curve 
through Zo, then the tangents to these curves have the direc- 
tions <j>u ypu such that 

^^ 1 = <^> 1 + arc 7 '( 2 o). 

From this it follows that 

Hence the two curves C, Cx make at zo the same angle as that 
made by the corresponding curves L, Lx at Zo, both in magni- 
tude and in the sense of rotation. For this reason, the trans- 
formation is called ‘‘angle-preserving*’ or “conformal.” Hence 
an analytic function gives a conformal mapping at every point 
where its derivative is different from zero. 

We also have 

h - 2o 1 
or 

.. I Z — Zo| \ £1 f M 
hm^ = \f(zo)\. 

1 2 — 2 o 1 

The ratio of the lengths ZZo and 220 has therefore a value 
independent of C and dependent only on Zo, namely |/'( 2 o)l, 
in the limit, and the elements of arc-length have of course the 
same ratio. This can be less exactly expressed as follows: 
Infinitesimal distances in all directions from Zq are magnified 
or enlarged by the same factor l/'( 2 o)l which may, of course, 
be smaller than unity. If 21, 22 are two points near 20, and the 
three points map into Zi, Z2, and Zo respectively, the triangles 
2 i222o and Z1Z2Z0 are similar; or more precisely, become more 
and more nearly similar when 21 and 22 approach 20. Hence 
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we say that any small region and its map are similar, or that 
the mapping is a “transformation of similarity” in the small. 
Evidently all the directions through Zo are in one-to-one cor- 
respondence with the directions through Zo. 

It is obvious that the inverse map is also conformal, since 

dz _ 1 

dZ f(zo) ' 

and does not vanish. Also, if Z = fi(z) (with fi(zo) 7^ 0) 
gives a conformal map of the 2;-plane onto the Z-plane, and 
I =MZ) (with /2(Zo)?^0) gives a conformal map of the 
Z-plane on the f-plane, then, by combining these functions, 
the resulting function 

gives a conformal map of the s-plane onto the J-plane, since 

© 

Examples of conformal mapping are found in all books on 
theory of functions and in many advanced calculus books. For 
example, Z = 2 + ^, where ^ is an arbitrary (complex) constant, 
is a translation. Again, Z = e^z, where ^ is a real constant, 
is a rotation about the origin through the angle 6 ; and Z = kz 
(with real k) is a similarity transformation, or stretching, from 
the origin as fixed point. The general linear transformation, 
which can be written in the form Z = ke^^z + c, is the 
result of the combination of a translation, rotation, and 
enlargement. The function Z = has at the origin the de- 
rivative/' (2) = 22 = 0, and it is easily seen that the map is not 
conformal at the origin. 

We now pass to our real topic. Let V be' a simply’-coti^ 
nected open region of the 2-plane (that is, we do not consider 
the boundary curve C to belong to V). Then we are interested 


dZ 
dZ dz 


= ‘fl'M 9 ^ 0 . 
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in the problem of mapping this conformally on the interior of 
the unit circle of the Z-plane. This is a problem of mapping 
im Grossen or ^^in the large”, instead of im Kleinen or *‘in 
the small” (i.e., in the neighbourhood of a point). 

To begin with, we will assume that there exists a function 
analytic in F, Z = f{z), which maps the region V on the region 
|Z| < 1 in a one-to-one, reversible, conformal manner. Sup- 
pose that the centre of the circle, Z == 0, corresponds to the 
point z = So, so that Zo = /(so) = 0. The power series expan- 
sion of f(z) in the neighbourhood of so then has the form 

/(2) = cii{z - zo)+ ai{z ~ So)^+. . .+an(z - So)”+. . . ; 
for the first term must disappear, since == /(so) = 0. On 
the other hand, /'(so) = 0, since if this term were zero the 

map would not be one-to-one at Sq. If we put 

f(z) = (s - so)^(z), g{z) = ai+ a^{z ~ Zo)+. . . , 
then g(zo) 9 ^ 0. Moreover, g{£) cannot vanish anywhere in F; 
for if g(si) = 0, where Si is any other point than Zq in F, then 
we would have f(zi) = 0, so that the point Zi would map into 
Z = 0, and the map would not be one-to-one. We now make 
the claim that 


G = log 


1 

1/(2) 1 


is the Green’s function of F with the singular point Zq. 
Evidently G is the real part of the analytic function 



for let f(z) == then 

log-i— = log — is. and 

R 

Hence G is certainly harmonic in 
function conjugate to G, then 


F. Let H be the harmonic 
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+ log 


1 


Moreover, 


G == log — 



+ log 


1 

k(^) 


is regular in all V except the point Zq (since g(z) ^ 0), and has 
the characteristic logarithmic singularity of the Green’s func- 
tion at 2 = 2o* Finally, when z approaches the boundary of V, 
then Z approaches the boundary of the unit-circle ; therefore 
1 /( 2 ) 1> 1 and hence G->0. Therefore G(z) has all the de- 
fining properties of the Green’s function. Hence we have 
proved that: If the analytic function Z = f{z) maps the region 
V in a one-to-one reversible manner on the interior of the unit 
circle, so that f{z^ = 0, then 


G = log 


1 

\m I 


is the Green' s function of V with the singular point zo- Evidently 

We will now prove the converse of the above theorem. 
Let G(3, 2 o) be the Green’s function for V with the singular 
point Zo, and let zq) be the conjugate harmonic function. 
G(z, Zo) has, by definition, the form 

G(z, Zo) == log— + u(z, Zo), 
r 


where r is the distance between the points z, zo, and u is har- 
monic single-valued and regular in F. Let 2 — zq == re*^, and 
designate the function conjugate to uhy v{z, Zo) ; then 

G = log-^^ i<#> + iz; = log— ^ ^(z), 

r z — Zo 

where we have set w + iz? = — F(z), and where H = — + z;. 
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Here v as well as w is a single- valued harmonic function. On 
the other hand, <j> is infinitely multiple-valued and increases 
monotonely by 2t when z makes a complete circuit around Zo 
in the positive direction. Hence H is also infinitely multiple- 
valued, only determined to within an added multiple of 27 r, 
and decreases by 27r on a circuit around Zq. It decreases mono- 
tonely along an equipotential curve G = const. For, on such 
dG 

a curve — <0 everywhere (see Art. 9). On the other hand, 

dn 

— = — (the last symbol meaning the derivative in the 

dn ds 

positive direction of the curve), since G and H are conjugate 
functions, so that the Cauchy-Riemann equations are valid. 
dH 

Therefore — <0 everywhere on the curve G = const. 
ds 

After these preparations, the proof is simple. We set 
z = f{z) = = {z - = (z - Za)g{z), 

where g(z) = like F{z), is analytic regular in all V, and 
g(z) 7 ^ 0 in F (since the exponential function can vanish for 
no finite value of its exponent). 

Since G is positive throughout V (see Art. 9), it follows that 

l/(z)| <1 

throughout V. Hence to every point ^ of F there corresponds 
a point Z interior to the unit circle. Now we must show, con- 
versely, that to every point inside the unit circle corresponds 
a point of F. LetZi= be such a point; since \Zi\ < 1, 

a > 0, while b is an arbitrary real number. The point Zi lies 
on the circle! Zij = e”"*. This circle is the map of the curve 
G = ^ = const, of the s-plane, that is, by Art. 9 (because F is 
supposed to be a simply-connected region), an analytic closed 
curve containing Zq in its interior. On this curve, since the 
function H monotonely decreases by 2t for each revolution, 
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there is just one point for which H ^ b (or differs from b by 
an integral multiple of 2r), So that in fact there corresponds 
to Zi in 1 Zi] < 1 one and only one point zi of V. The map is 
therefore one-to-one and reversible. Moreover, the point 
z = Zq corresponds to Z = 0, since G(zo) = + “ . Hence we 
have the theorem ; If G is the Green's function for V with the 
singular point Zo and His its conjugate function, then the analytic 
function 

m = 

maps the region V in a one-to-one reversible manner on the interior 
of the unit circle so that Zq corresponds to its centre. 

The above theorems show the close connection between 
the conformal mapping of a simply-connected region and the 
Green’s function of the region. The existence proof for the 
Green’s function for such a region and the existence proof for 
the conformal mapping of V on the interior of the unit circle 
are therefore completely equivalent. In function- theory, the 
existence of a function which gives such a map is proved by 
the methods of the theory of functions, and hence it follows 
that the Green’s function for V exists. We will prove, con- 
versely, the existence of the Green’s function for a closed region 
with boundary having continuous curvature, by solving the 
first boundary value problem by the method of integral equa- 
tions; and hence by using the above theorems, give an inde- 
pendent proof of the fundamental theorem of conformal mapping, 
which was first stated by Riemann: Every simply-connected 
region hounded by a closed curve with continuous curvature can 
be conformally mapped in a one-to-one reversible manner on the 
interior of the unit circle. 

Riemann ’s theorem was not confined to regions bounded 
by curves with continuous curvature. We want, therefore, to 
stress that it is possible to carry out the existence proof for the 
solution of the first boundary value problem for more general 
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regions, in particular for every region whose boundary con- 
tains more than one point. Accordingly, the fundamental 
theorem is valid for every simply-connected region whose 
boundary contains more than one point. 

Since there is only one Green’s function for V with the 
singular point So, the mapping function /(s) = is essen- 

tially uniquely determined.^ However, the function H con- 
jugate to G is only determined to within an added constant. 
In order to bring out the effect of this, replace H by iJ — y 
where 7 is an arbitrary real constant and H is completely 
determined. Then 

Z =/(s)= 

is the most general mapping function of the desired sort. 

This mapping is a combination of the mapping functions 
Zi= and Z2= The latter is a mere rotation of 

the Z-plane about the origin through the angle 7, which is 
arbitrary ; it carries the unit circle into itself. 

Hence it follows that: there is a unique one-to-one rever- 
sible conformal mapping of the simply-connected region V 
on the interior of the unit circle, which carries a prescribed 
point So into the centre of the circle and a prescribed direction 
of the s-plane at Sq (say the direction of the x-axis) into a pre- 
scribed direction at the centre of the circle. 

Let V\ and F2 be two simply-connected regions. Let 
the converse of the map described above map the interior of 
the circle on F2* Fi may be mapped on the circle, and then 
the circle on F2; and thus, by combining the analytic func- 
tions of these maps, we obtain a direct map of Vi on F2. 
Hence two simply-connected regions may be mapped in a 
one-to-one reversible conformal manner on each other. The 
map is unique if a point, and direction through it, of one region 

®The addition of an integral multiple of 2t to H does not change / (s) 
because the exponential function has the period 2iri, 
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is required to go into a prescribed point, and direction through 
it, in the other region. 

The Green’s function approaches zero on approaching the 
boundary. It can be proved that the conjugate function His 
likewise continuous on approaching the boundary if the 
boundary has continuous curvature, or even only a continuously 
turning tangent. (Of course H is not unique or single-valued 
on the boundary.) From the continuity of G and H, it follows 
that f(z) is continuous on approaching the boundary, and 
hence that the boundary of V is likewise mapped in a one-to- 
rATZArQi'hlp mj^nnpr on thf^ rirriimference of the unit rirrle 



CHAPTER IX 


THE POISSON INTEGRAL IN SPACE 

Art. 1. Solution of the First Boundary Value Problem for 
the Sphere. The Harnack Theorems for Space 

The solution of the first boundary value problem for the 
interior of the sphere S with radius I about the origin as centre 
is given by the Poisson Integral 

(1) -i 

27r J J \ 2lr/ 

s 

For, in the first place, w is a regular potential function in the 
interior, being the sum of the potential of a double layer, 

T 7 _ rr/_ /\cos (r, n),„ 


!(-£)' 


and the potential of a surface distribution, 


. . \ 47r// r 


And secondly, u approaches the required boundary value when 
P:{Xjy,z) approaches any point A of 5. For, from (17), 
Chapter V, 


and therefore, since cos (r, n) = when P is at a surface 

21 

point A , 


V^==fA + 


_i__ r 

M J. 
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Moreover, since W is continuous on approaching 5, 


Hence 


JVa= - 


47rl 





That is, the function u defined by (1) approaches the required 
boundary value when P approaches the surface from the 
interior, or along the negative end of the exterior-pointing 
normal. 

The integral (1) can be simplified as follows: we have 


^ 2 ^ 2lr cos (r, n), 
/ cos (r, n) , 1 \ ~ 

\ ? ^ ^rj 


so that Poisson’s integral takes the form 

1 


( 2 ) 


u(x, y, 2 ) = 


4ir J 


Ir^ 


If we designate the angle QOP by a, then 


p2_2/Pcosa 


so that 

( 2 *) u{x,y,z)-^ 


4.tvI J 


f 




(P+R^-2lRcos 


dS. 


Let the polar coordinates of P be P, 0, <j>, where 6 is the 
angle from the 25 -axis and corresponds to the geographic 
longitude, so that 


X = R sin 6 cos 0, y = P sin 0 sin <)>, z — R cos B, 

Let the polar coordinates of Q be 6\ <t>'. Let P with coordin- 
ates /, B, cl> be the projection of P on the surface S of the sphere, 
and let N be the intersection of the s-axis with the sphere 
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(“north pole*’); then the law of cosines of spherical trigono- 
metry applied to the spherical triangle PQN gives 

(3) cos a = cos d cos 0'+ sin 8 sin 6^ cos (<?5> — 

This expression for cos a is to be substituted in (2*). 

We can write (2*) in the form 


( 4 ) 


u 


47r J 0 J 0 (/2 + i ?2 _ 21R cos 


The formula (4), combined with (3), is the starting-point 
^for obtaining the expansion of u in spherical harmonics, which 
is the analogue of the expansion of the logarithmic potential 
in trigonometric functions obtained in the preceding chapter. 

The Poisson integral for the exterior of the sphere is 


( 5 ) 



cos (r, 

? / 


dS. 


It solves the second formulation of the exterior boundary value 
problem (see Chapter VII, Art. 3); for in the first place u is 
regular outside the sphere, also at infinity, being the sum of 
potentials of a surface distribution and of a double layer on 
the sphere, and secondly, as may be easily proved 

from the results in Chapter V, Arts. 4 and 5. The mass of 
the above solution is evidently 


the Harnack theorems^ now that the Poisson integral has 
been derived, may be taken over word for word for space from the 
corresponding theorems for logarithmic potential. 


Art. 2. Green’s Function in Space 

Let F be a finite region of space bounded by the closed sur- 
face 5, having a continuously turning tangent plane except for a 
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finite number of edges and conical points. The Green' s function 
for V is a function G of two points P:(x, y, z) and f) » of 

which P lies in V and QinV + 5, with the following properties: 
As a function of (^, 17 , f) it is a regular potential in V except at P, 
continuous in V S and vanishing on S, It becomes infinite at 
P like the reciprocal of the distance QP, in such a way that 

(7) -mix, y, z; ij, f) = G{x, y, z; ^ -q, f) 

1 

"Vix — 5)^+(y — qY+iz — tY 


is a regular potential function at P also. 

The determination of the Green's function is a special case 
of the first boundary value problem, since w must take on the 
value — 1 /f on the boundary. 


If the Green’s function has a continuous normal derivative 
on 5 and if « is a regular potential in F, continuous in F + * 5 , 
then 


u 



dG.^ 

U — (XO. 

dn 


The Green’s function in space likewise has the property of 
symmetry, 

G(x, y, s; 17 , f) = G(^, 77 , f y, z). 


The Green’s function for the interior of a sphere S about 
the origin of radius I is 


( 8 ) 



I 1 

r ' ?' 


where r' is the distance from Q to the point P' (the inverse 
point or reflection of P in S) which lies on the line OP extended, 
at the radius P' = P/R from 0. The fact that G vanishes on 
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the surface of the sphere follows from the relation 


r R 



just as in the case in the plane. We will again bring G into a 
form where its symmetry is evident. We have 
x'- Px/R\ y'= Py/R\ s' = lh/R\ 

so that 

(8*) G = , , - . . .... ^ . ■ = 

V(x - o^ + (y 

l 

' Vz^ - 2Pix^ +y7, + 2f) +ix? + y^ +z^) (1^ + 7 ,^ + T") 
The Green’s function for the exterior of the sphere is 



The reader should show that this behaves at infinity like a 
potential of mass 

Give the general definition of the Green’s function for the 
exterior of a closed surface. 

The physical meaning of the Green’s function is easily 
shown. If 5 is a grounded electrical conductor and if the unit 
charge is concentrated at F, then 

G{P, C) = - + MP. Q) 

r 

is the value at Q of the potential due to the charge at P and 
the induced charge on 5 (remember that G vanishes on S). 

The function — is the potential of the unit charge, and w is the 
r 

potential of the induced charge. 
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Art. 3. Expansion of a Harmonic Function in Spherical 
Harmonics 

We will now obtain the expansion of an arbitrary potential 
or harmonic function in a series of spherical harmonics (comr 
pare Chapter IV, Art. 3) . Let w(p, B, 4>) be harmonic and regular 
in the interior of the sphere S and continuous on approaching 
5, and let u{l, 0, <?!>) = /(0, (^>). Then u can be represented by 
the Poisson integral (2), 

■ M(P, e, 4,) = 4>') ^^dS. 

First we will expand the integrand, 



r bn 


Since — denotes the derivative in the direction of the out- 
bn 

ward normal or of the radius, we can consider this derivative 
as differentiation with respect to L We then obtain from 
Chapter IV, Art. 2, for p < Z, if 

cos a = cos B cos 0 '+ sin B sin 0' cos {<j> — 

Jl = Po(cos a) ~ + Pi(cos a) . +Pm(cos a) ^ , 

rip- /’"'‘"i 

and by term-wise differentiation with respect to- Z, with 
p == cos a, 

- (m + l)P„(/i) 


bn bl 
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?M = 0 


Hence 

(9) 

so that 

(10) = 

>«=*0 47 rr 


= S (2m + l)P„(M);^, 


;m+r 


The integral 
and 


f(&, <j>')Pm{ij)dS is a surface spherical harmonic, 


'I 


fPmdS 


is a spherical harmonic of order m. Eqn. (10) gives therefore 
the desired expansion. It is valid forp < /, or in the interior 
of the sphere, and uniformly convergent there. 

For p == / the series on the right becomes 


2 


2w + 1 


f{e',<i>')PMdo^ 


{do3 = sin d'dd'd<t>'; d'S = Pdco) 


where the integration is to be carried out over the unit sphere. 
It is called the ^‘Laplace Series.’' In the following paragraphs 
we will Study the conditions under which the expansion (10) 
is also valid on the surface of the sphere. 

We will now obtain an important consequence of (10). 
Let u itself be an arbitrary spherical harmonic of order n, 
and therefore u = pMn(^, 0) where 4 « is an arbitrary surface 
spherical harmonic. Then 

. pM n(e, ^ Jj /M 4>')PMdS. 

The coefficients of like powers of p must agree on the two sides 
of this equation, so that 
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(11) • J J A„(e', (j>')P„iiJ.)do} = 0 for « OT, 
and 

( 12 ) Anie, <f>) - f f Anie', <P')Pnit^)dcO. 

47r J J 

The orthogonality, property (11) is a special case of (37) of 
Chapter IV, Art. 6. 

The equation (12) leads to further results. From the 
addition theorem, Pn (cos a) can be expressed as a linear 
combination of the functions Pn(cos^), P^i^os 6) cos vcf) and 
P^(cos 0) sin v(f>. Therefore from (12) we obtain an expan- 
sion for An (^, <!>) itself, 

(13) AniS, 0) = aoPnicos 6) 

It 

+ S Pn(cos 6) [a^ cos v<j> + hy sinj/^}, 

|/S= 1 

where Uo, by are constants. Accordingly, any surface spher- 
ical harmonic of order n can be represented as a linear homo- 
geneous combination with constant coefficients of the above 
2n + 1 functions. The above functions are evidently linearly 
independent. Therefore there are exactly 2n + 1 linearly inde- 
pendent spherical harmonics of order n. 

If /(^', 0') is a continuous single-valued function over the 
unit sphere £, then f{d\ <f>')Pn{ij) sin B'dB'd(i>' is certainly a 

E 

surface spherical harmonic of order n. It follows from (12) 
that the most general surface spherical harmonic can be repre- 
sented in this way. 

If the harmonic function u is regular in the neighbourhood 
of a point, which we may choose as the origin 0, then we may 
choose I so small that the sphere S of radius I lies in the region 
of regularity of u. Then u can be expanded in the form 
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(10*) 


u(p,d, 4>) == 


00 


S 


2m + 1 
47rF 



u{l, <j>')P 


and this expansion is certainly valid for p < 1. 

If the expansion of a harmonic function u is already given 
in a uniformly convergent series of spherical harmonics of the 
form 00 

u{p,B,4>)= S p^Am(fi,<t>), 

wi=0 


valid in the interior of the sphere 5 of radius I, let c be any 
positive number <1. Then, since the expansion is valid for 
p = c, we have for the determination of the An(6, <i>) (with 
the use of (11) and (12)) 


u{c, 9', <i>')P„{pt)do} = c” 


Am(9', 4>')Fm(M)do! 
4 tc ”' 


2m + 1 


Am(e, <j>). 


so that 


A„ie, 0) = 


2w + l 
47rc’" J . 


u{c, 9', (t>')Pm{lj)do}. 


We find for u, therefore, the expansion 


“ 2m + 1 r 

2u — “ 
m = 0 4:7r C J m 

E 


w(c, 9', 4>')Pm{t^)do> 


where c is an arbitrary positive constant <1. If the function u 
is also defined on 5 and continuous on approaching S, or in 
V + S, with the limiting value 

lim m(c, 6', 4>') = fi9', 

then on passing to the limit, which is easily shown to be 
possible in every term, we obtain again the expansion (10). 

If the series (10) is convergent for a point P of 5, then the 
equation (10) holds for this point, by Abel’s theorem. If the 
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series in (10) converges for every point of S, i.e. if the Laplace 
series converges everywhere on 5, then it represents every- 
where on 5 the function 6, <j>) = f{6, <t>) , and / is developable 
in surface spherical harmonics. In the following paragraphs 
we will investigate the development of a function in a Laplace 
series independently of the Poisson integral. 

Exercise: Show that if u is regular in the space between 
two concentric spheres, one gets an expansion similar to that 
of Chapter VIII, Art. 5. 

Art. 4, Expansion of an Arbitrary Function in Surface 
Spherical Harmonics 

A function f(6, <l>) which is continuous and single-valued on 
the unit sphere £, with continuous first derivatives^ may be ex- 
panded in a Laplace series, and this series is uniformly convergent 
over JE. That is, 

(14) /(e,0)= i 

fM«0 vir J , 

E 

ii = cos a — cos 6 cos sin d sin 6' cos((/> — 

Of course, {6, <^) is an arbitrary point on E, 

The assumption of continuous first derivatives means that 

the function has continuous partial derivatives — and — with 

dd d<t> 

respect to every system of coordinates 6, p of £. We may 
therefore choose the system of d, <j) at liberty according to our 
purposes. 

To prove the above theorem, we first form the partial sum 
(as in Fourier series') 

” 2m 4-1 r r 

S — f{e\<i>')Pm{cOSa)dc^ 

» w»=o 4x J J 

E 

Is (2W + l)i’m(cosa)| 

(m=0 ) 
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By using the relation 


F'M = S (2n-4.k^ 1) Pn^2k^M 

k^o 

obtained in (15) of Chapter IV, Art. 2, the sum in the bracket 
above may be given a simpler form. Evidently 

(15) S (2m + 1 )P,,(m) = P'nilA + PnM- 

m^O 

This identity plays a similar role to that played by (18) of 
Chapter VIII in the proof of the convergence of Fourier series. 
It follows that 

(16) SniB, ^ f{B', 0') { P1(cos a) + P'„+i(cos a) } do). 

E 

We can now (without limiting the generality of the investi- 
gation) so choose the coordinate system that the point P: (^, <!>) 
is the “north pole”; then ^ = 0 and cos a = cos so that 

SniP) = ^ f f f(e', <!>') { PUoos B') + P:+i(cos B') } du,, 

E 

or if we introduce the abbreviation 

(17) [ f(e\ 4>')d<t>' = g(<9') == h{v) [v = cos 6% 

Jo 


Sn{P) = {^»(cos &)+ PUi(cos ^')} sin B'dB' 

^^[h{v){P'„{v)-^PUM}dv. 


Hence, by integration by parts, 

4«„(P)= fe(z;) {P„(v) + P„+i(i») } 


h'{v) {P„(») + P„+i(i;) } dv. 
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The integrated term on the right is evidently 2h{l). But from 

( 17 ), 


/(O, = /(P) d<j>’ = 2x/(P) , 


because /(O, means the value of/ at the ‘‘north pole” P and 
is therefore independent of (l>\ Finally, from this we find 

(18) Sr.{P)-m=^ - ^ P h'{v) {Pn{v)+ Pn+xiv) ] dv. 


(18) Sr.iP)-f(P}=^ “ & J_X 

From (17) 

dv dd' sin B' sin 6' J o 




Now the derivative — is continuous on E and therefore is 
dB' 

bounded, say 

/in\ I 1 ^ 1 I ikf M 

(19) kr, <x-: then - = 


for all points of E (that means: k'{v)\^l — is bounded). 
From this it can be proved that the integral (18) can be made 
as small as desired in absolute value by taking n sufficiently 
large. Let r be a number near 1, and write 

fi r-c rc ri 


fi 

¥ 
J -1 


(v)Pn(v)dv 


Now (remember | Pn{v) 1 ^ 1) 


h'(v)Pn{v)dv <M 


== M arc cos v 


so that this can be made less than any positive e by taking c 
sufficiently near 1, and this uniformly in n. - Then it is also 
true that 

.... < M arc cos v \ < e. 

J-l 
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Again, 


since 


h'(v)Pniv)dv I < M 
J -c I 

M 

< -7== i Pniv) 1 dv 
VI - J -1 



= 2^-i- , 

VI - r 2» H- 1 




% 

from the Schwarz inequality (Chapter VIII, Art. 4). After c 
has been chosen, n can be chosen large enough so that this part 

of the integral also has a value smaller than e. Then we have 
ri 

h'{v)Pn(v)dv < 3€,and likewise of course 
J -1 

ri 

h'(v)PnJ^l(v)dv < 3€, 

J -1 

so that finally ^ 

\sn(P)-f{P)\ <^< «. 


Since the upper bound M in (19) holds for all points of 22, the 
choice of c and finally of n holds uniformly over all E. Hence 

the equation 

»->-CD 

holds uniformly over E, completing the proof. 


Art. 5. Expansion in Legendre Polynomials 

The problem of the expansion of an arbitrary function in 
a series of Legendre polynomials can now be easily treated. 
First we know from Chapter IV, Art. 6, that if a function F(u) 
can be expanded in a uniformly convergent series of Legendre 
polynomials in the interval — 1 w 1, the expansion must 
have the form 
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(20) F(u) = S P„(m) F{v)P„{v)dv. 

m=0 2 J-1 

For u = cos 6, V = cos 6' this becomes 

<» I 1 fir 

F(cos0) = S F(cos ^')-P»n(cos^)P^(cos0') sin0'c/(9', 

w»o 2 Jo 

and hence by the use of (45) of Chapter IV, Art. 7, 
oo 2^ 4-1 r r 

(21) F(cose) = s ■ — - P(cos<9')Pm(cosa)rfco, 

m=aO 47r JJ 

E 

cos a = COS 6 COS 0 '+ sin 6 sin cos (^, do) = sin 6'd6'd<t>, 

But the expansion (21) is a special case of the expansion (14), 
in which /(^, <t>) is replaced by the function P(cos 6) indepen- 
dent of (t>- If the function F{u) has a continuous derivative 
in u ^1, then P(cos 6) has a continuous derivative 

over the unit sphere; hence the expansion (21) or (20) is justi- 
fied. Hence: 

An arbitrary function which has a continuous first derivative 
in the interval may be expanded in a Legendre 

polynomial series; the series converges uniformly in the interval. 

The subject of expansion in a series of Legendre poly- 
nomials can also be treated in other ways. We will merely 
state here without proof the result of W. H. Young If the 
Legendre series of the function F{u) = P(cos 6) has the partial 
sum 5ri(cos B), and the Fourier series for sin B F(cos B) has the 

partial sum o-nCcos B), then lim < 5n(cos B) — ^--7— i = 0 

«->'Oo V sin B ) 

holds for — 1 < w < 1 or 0 < 0 < TT. From this it follows 
that if the function sin B. F(cos B) satisfies such conditions that 
it can be expanded in a Fourier series, then Fiv) can be ex- 
panded in a Legendre polynomial series in — 1 < w < 1. This 
says, however, nothing about the end-points. 

^Comptes Rendus, vol. 165, ‘‘Surles series de polynomes de Legendre.” 
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THE FREDHOLM THEORY OF INTEGRAL EQUATIONS 

We have solved the boundary value problem only for the 
circle and the sphere, and even for these very special regions 
we have so^yed only the first boundary value problem. 

Of the many methods which may be used to solve these 
problems in general, we will choose the Fredholm method of 
integral equations, which is distinguished because of its ele- 
gance and power. In this chapter we will develop the funda- 
mental results of the Fredholm theory. 

Art. 1. The Problem of Integral Equations 

An integral equation is a functional equation, in which the 
unknown function appears under the integral sign. 

The most important types of integral equations are 

(A) 
and 

(B) £ Kix, = fix). 

Here X(x, 5) a,ndf(x) are given, 0(x) is the desired unknown 
function, and X is a parameter. 

The variables x and S are limited to the real interval a to b. 
The functions K(x, 0 and/(x) may take on complex values, 
or in other words may be complex functions of real arguments. 
The parameter X may also be complex. 

The function K(x, 0 is known as the kernel of the integral 
equation. The equation (A), in which the unknown function 
occurs only under the integral sign, is known as an integral 
equation of the first kind. The equation (B), in which the 
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unknown function <^>(x) occurs both under the integral sign 
and outside it, is an integral equation of the second kind. When 
f{x) does not vanish identically x the equation (B) 

is called a non-homogeneous equation, while for /(x)= 0, it 
becomes 


(C) 


<36(x) — X 


K(x, 0 <l>(^)d^ = 0, 


which is called the corresponding homogeneous equation. 

The above integral equations are all linear with respect to 
the unknown function 0(x), since it enters everywhere to the 
first degree. (We will not consider non-linear equations.) 

Such equations may be formed for two-, three-, or multi- 
dimensional regions also. It is permissible that the region of 
integration be a curved surface (or space) with proper 
curvilinear coordinates to locate points uniquely in the region. 

The equation 


u{x, y) 


J J p(?, log 

R 


~r - ==- - = z^z d^dn 

V {x — 02+(y — vy 


(with R meaning a region of the plane), which defines the 
logarithmic potential of a distribution, may be regarded as an 
integral equation if u is given and p is the unknown. This is 
an example of an integral equation of the first kind with the 
kernel 

log- 


1 


V'(x — ^y+ {y — 77)2 


Its solution is given by Poisson’s equation, 


p(x, y ) = “ 




Similarly, the equation 


uix, y, z) 



p(^> v* r) 

V(x-?)2+ {y-v)^+ 


d^drjd^' 
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may be regarded as an integral equation of the first kind, 
with the kernel 


K.(^Xy y, 2, Tfy 


it has the solution 


1 , 

V(x-^)2+(y-„)2+(2-f)2 ’ 


pix,y,z) = — 

Att 


In the following pages we will be concerned mostly with 
integral equations of the second kind, for which the theory 
was founded^ by Fredholm.^ 


Art. 2. The First Theorem of Fredholm 


We will now consider the functional equation for <A(x), 


(I) 


ct>{x) — X 


« Cl 


For the present we assume thatfix) and K{xy are continuous 
ior a:S b and icr a:^ x:S by a ^ b respectively. It 
will be possible to find necessary and sufficient conditions for 
the existence and uniqueness of a solution <i)(x)y and to obtain 
an explicit solution. 

Following Fredholm, we define for = 1, 2, 3, . . . . , 


K(xiyyi) Kixiyji) . . . K{xiy jn) 
jR:(x 2 ,yi) K{x<L,y^ . . . K{x%y jn) 


K(Xn, yi) K{Xn, y2) . • . K{Xn, yn) j 

2For later formulations of the theory see, for instance, B6cher, An In- 
troduction to the Study oj Integral Equations, Cambridge, 1909 and 1914; 
Heywood and Frechet, V equation de Fredholm et ses applications ala phys- 
ique mathematique, Paris, 1912; Courant-Hilbert, Methoden der Matk- 
ematischen Physik, Bd. I, in particular p. 128 ff., Berlin, 1924. 

^See especially Acta Math., vol. 27. 


( 1 ) 


^ /xi, X2, . . . , Xn\ ^ 

\yh y2, . . . , ynj 
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|c„= ^ r . . . [ f'"" . . du 

(2) j nlja Jc V6i. ?n/ 

[Co= 1 : 

f C„{x, Kh f’---' f) dir dH .dir,, 

(3) I J a J a \y» sl> s2> . . . , ?n/ 

[Cq(x, y) == K{x, y). 

The quantities Cn and Cn(x, y) are always to be considered 
as having the value zero when the index is negative. 

Expanding the determinant K^' • • • > J”) by ele- 

Vy, ii, Is, • ■ . , in) 

ments of the first line, we have 

+ 2 ( - ■ ■ ■ ■ , 'l’\ 

k=l \3^» sl> • * • > — 1> sA!+ 1> • • • > sn/ 

Divide by w! and integrate with respect to $i, . . . , from a 
to &, obtaining 


(6) Cn(x, y) = Cn K{x, 3^) J y) 

for = 0, 1, 2, For, when w == 0 we have simply 

K{x, y) = K{x, y). For n > 0, we note in addition to (2) 
and (3) , that the following identity holds for every jb = 1, 2, . . w. 

J5./I1. Is, . . . |„\ 

Cly • • • » • • • , Cn/ 

=:f ^^» * * * » * • * » 

\y» fl, . . - , Ifc-l, ffc+l, . . . , in) 


Hence 

(-1)" 


... Kix,i,)K(i^’^ ’lA 

J \3'j Cl> • • • » CA:-1> CA+l, ...» in/ 


diidi%. . . . din 
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-1 


n\ 


K(x, h)dh 


^2j • • •) — 1) ^k+lt • 

y, li. ^ 2 , . . . , ^k-x, kk-k-x, 

d^i- . . d^k-xd^k+x- . 

^k)Cn-x{^k, y)d^k 


■ In\ 

. . fn/ 



Kix, OCn-i{^, y)d^. 


n»0 


Multiply both sides of the identity (5), just proved, by 
(— \)" and sum; letting 

(6) Z?(X)= 2 Cn{-\y 
and 

( 7 ) 

this gives 

i: i-\rCn(x,y)=Kix,y) s {-X)’*c„ 

»*=o 

■ X r j i (-x)"-^Cn_i(?, y)| K(X, ?) di 
Jo 1 b=o ; 


x)= S i-\rUx,y), 
\y / w=»o 


»=«0 


+ : 


or 

(8) 




y)D(X)+X 


\nx,%)D 


We will shortly prove that both the series (6) and (7) are 


always convergent, hence that i^(X) and D\ 




are integral 


functions of X^. The function D(}C) is called the ^'determinant'' 


of the kernel K{x,y), and D\ 
first order." 


X^ its "mi'i 


minor determinant of the 


^An analytic function which is regular everywhere except at infinity 
is called an “integral function.*' Its expansion in a power series is con- 
vergent for every finite value of its argument. 
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These names are based on the fact that i)(X) plays a similar 
part in the solution of (I) to that played by the determinant 
of the coefficients in the solution of linear algebraic equations. 


Similarly, D 



plays a part similar to that played by the 


minors of the determinant in the solution of algebraic linear 
equations by Cramer’s rule. 

We must now distinguish two cases, depending on whether 
the determinant I)(\) is zero or different from zero for the 
value of the parameter X for which we wish to solve (I) ; in 
this article we will consider the case where 


(9) P(X)5^0. 

Divide (8) by D(\) and let 

K{x,y,X) - ^ • 


( 10 ) 

then 

(11) K{x,y;X)-\ 


D(\) 


rb 


K{x, y; X)d$ = K{x, y). 


The function K{x, y; X) is known as the resolving kerneV 
or ''resolvent'' of the given kernel K{x, y), because (I) may be 
solved by its use. 

Evidently K{x, y; X), being the quotient of two integral 
functions, is a meromorphic function of X, or has no singularities 
except poles, in the entire complex X-plane. 

The equation (11) may be regarded as a special integral 
equation of the second kind. It is obtained from (I) by 
placing the kernel K.{x, y) itself in place of/(x) (hence another 
variable y enters as a parameter). The part of unknown 
function 4>{x) here is played by the resolvent kernel K(x, y ; X). 

If the determinant k(^' be expanded 

by elements of the first column instead of the first line, and 
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the same methods be followed through, a relation similar to (4) 
is obtained ; and from this, instead of (8) and ( 1 1) , the equations 


(8*) 

and 



K(x, y)D{\)+\ 




3') di 


( 11 *) 


■6 

K(x, y; X) — X 


a 


K{x, X)X(?, y)di = K{x, y). 


Before solving the integral equation (I) by the aid of the 
resolvent kernel, we will establish the convergence of the series 
(6) and (7). The convergence proof depends on the Hadamard 
theorem on determinants (see Art. 7). 

By this theorem, the determinant 



din 


dfil dnn 


satisfies the inequality 

\A 1 ■< 


if all the elements satisfy the inequality < k. The ele- 
ments may be complex. 

Let Af be a bound to the absolute value of K, so that 
\K{x, y)\<M 

{or a ^ X ^ h, a y then from (2), for w = 1, 2, 3, , 


n\ 


. . din ; ' 

n. n 


Hence the series (6) is dominated by the series 


1 + s 
« = 1 


M^{b -a)"| 


n/2 


— 


n\ 


so that it is sufficient to prove the convergence of this series. 
Now 

M(b - o) HI , /(« + !)■+' _ V(» - a) |X1 // iV 

n + 1 V—- v„ + rr 
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But since 


0 +«')" 


= 2.718 +, 


it follows that ->• 0 for every X and the series in question 
tin 

converges by the ratio test, no matter what value X may have. 
The proof of the convergence of the series S(— X)"Cn(x, y) is 
made in the same manner. 

We claim now that the integral equation (I) has one and 
only one solution <l>(x)y given by 


(II) 0(x) = fix) + Xj ^ Kix, f ; X)/(f)if , 

where Kix, y;\) is the resolvent defined by (10). 

It is necessary to prove that any solution of (I) must 
have the form (II), and that conversely the function defined 
by (II) is always a solution of (I). 

First, let <^>(x) be a solution of (I); then multiplying by 
the resolvent, integrating and interchanging the integration 
variables, we find 


<t>i^)Kix,^;\)d^-\\ K{^.y)K(x,^;\)<l>iy)dydi 


=jy(0K(^,i 

Multiply this by X and add to (I), which gives 


/(^)+X Kix,^;X)fim 


•6 p 

= <t>ix) + X Kix, « ; X) <t>i^)d^ ^X Kix, i 

b b ^ 

- X^ K y) K(x, X) 4>{y)dyd^ 

J fl J a ^ 

= d>{x) + X d> {y)dy^^{x, y;\) — K{x, y) 


K(x, 


= <i>{.x) 

by using (11*). 


X K{x,^;\)Ki^,y)di 
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Conversely, if we substitute (II) in (I), we have 


f{x) 4- X 

=f(x)+\ 

= fix) 


Kix, 

n ri> 


-X^ 


Kix,^)fi^)d^ 

K {x, , y; X)/(y) d^dy 

y(y)dyi^Kix,y,\) -K{x, y) 

K{x,i)K{k,y,\)di^ 


by using (11), which completes the proof. 

Hence we have proved the first theorem of Fredholm: 

When X is not a zero oj Z^(X), the integral equation (/) has 
one ani only one solution, which is given by {II), 

It is evident that <l>{x) is continuous, since /(x) and K (x, y) 
were assumed continuous, and the continuity of the resolvent 
follows. 

By means of an investigation entirely similar to that above, 
it may be shown that the * ‘associated’’ integral equation 


(I*) 




\l/(x) — X 


K{i,x)i{^)dli = g{x). 


under the hypothesis 

DQ.) 5^ 0, 


has a unique solution given by 

(IP) ^|/{x) = g{x) + X f K{^,x\\) g{k)di. 

J a 

It may be easily shown that the associated kernels K{x, y) 
and K{y, x) have the same determinant I>(X) (see also Art. 4). 


Art. 3. The Minor Determinants of D(X) 

In order to be able to consider the treatment of the case 
DQC) == 0, it is necessary to obtain, in addition to I1(X) and 
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certain other entire functions of X which are called 


‘^minors of higher order” of D(\), as well as the relations 
between these and i^(X). 

From the definitions (2) and (3) above, 

TlCn ~ 


SO that 

or 

(12) 


OO CJO 

S «(— S 

n=*0 w—0 J a 


c„_i m, 

(_X)«-VC„_1 {U)di 


dD(\) 

d\ 




In order to define the minors of higher order, let® 

^ /xuXi, ^ 

” \yi. ya. • • • , ym/ 

(Xij Xz'f . . . J Xrtti ^2j • - • » \ T. 

1 ^(y,.y 

• • ,ym/ “ \yuy2. — , W 


Then 




^1) ^2j 

yi, y^, 


• d^nt 


(14) 2 

\yi, ya, . . . , ym / „=o \yi. ya, - . , y™/ 

is the minor of the m-th order, m = 1, 2, Z, ... . 

By the aid of the Hadamard theorem, it can be proved 

that the series (14) converges for all X. Moreover, 

d"‘D{\) '■*’ 


(15) 


dX" 


(- 1 )” 




which contains (12) as a special case for m = 1. 


^The above functions C„ {x,y) are now to be designated by C«(p. 
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By developing the determinant 

/xi, X2, • • • ) Xmt • • • ) ^n\ 

\yi» y2j • • • j ymi > ^n/ 

by the elements of the first line, we get the following general- 
ization of (4), 

^ I Xif • • • 7 Xmi ^1) • • • » ^n\ 

\yi» • • * 7 yrnj • • • » ^n/ 

= K(:cx,yi)x(^; 

> . \3^27 • • • > ym? 5l» • • * > sn/ 

( 16 ) . . 

+(-!)— 3-.) J:(y •••’«;) 

\yi) • • • T — 1) si> • • • » sTi/ 

+ ( - irK ix„ 10 K h' • • • ’ • • • - ) + . . . . 

\yi» • • * » y^i — 1» y^i) s27 • * 'sn/ 

Division by w ! and integration with respect to ? 2 , . • . , ?n 
gives the identity 

h = X (Xi,y0 cJT 

for w = 1, 2, 3, ... . However, since ^2» • • • • 

\yi, y 2 , . . . .. ,ym/ 

this identity is also valid for w — 0, when it gives the expansion 

by elements of the first line of K ( ’ } • 

\yi, — , ym/ 

Multiplying the equations (17) by (-X)” and summing, we 
find the generalization of (8), 
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( ^Ij • • • I ^ j 

(18) ; 

Art. 4. The Second Theorem of Fredholm 

From the first Fredholm theorem, it is evident that the 
homogeneous equation 

(19) ^(:K)-XrZ(A;,O0(f)<^5 =0, 


in which /(x) =0, has no solution except the trivial one 
(j>{x)= 0, when jD(X) 7*^0. 

We now make the hypothesis that 

(20) Z^(X)=0, 

and will prove that in this case (19) possesses non-trivial 
solutions. 


First let c be a simple zero of i^(X). Then -D I ; r 1 cannot 
vanish identically in x and y\ for then we would have ^ ^ ^ ) 

= 0 identically in so that from (12), D'{c) = 0, which is im- 
possible when 6 is a simple zero of Z1(X). 

Since D{c) = 0, equation (8) becomes 

(21) K{x, i)D ; c) (f? = 0. 

Choose for {x, y) a number pair (xi, yi) such that D ^ 0, 


:x: \ 

3 ^’ / 


vanish identically in x and y ; for then we would have D 
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which is possible since D { 
(21) shows that!) ( ; cj wi 




is not identically zero. Then 


(21) shows that!) ; cj with fixed yi is a solution of (19) which 

does not vanish identically. 

vanishes identically, then from (12) D\c) = 0; 

but the converse of this is not true. We will now jnake, instead 
of the assumption that c is a simple zero of D(\), the more 


general hypothesis that D(c) = 0 while D 
cally zero; then we find as before that <^(:x;) 




is not identi- 




solution of (19) . In this case, c is at least a simple zero of D(X). 

We will now generalize the discussion, by assuming that for 
X = c, not merely D(X), but also all the minor determinants to 
order m — I vanish identically in their variables, while the 

w-th order minor jdoes not vanish iden- 

\yn y2, ym/ 

tically. From (15) it follows that D'(c), {c) are 


tically. From (15) it follows that D'(c), . . . 
zero, or c is at least an m-fold zero of i)(X). 
The identity (18) then becomes 


(22) nf*' 

\yi .3'm / 


K{xui)D\ 


= 0 , 


or, writing x in place of x^ 

( 22 *) 

\yi, Vi 3'm / 


Hence D 


- c = 0. 

J a \yi> » / 


is a non-trivial solution of (19), in 
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case X 2 , . . . . , Xw, 3'i» • • • » 3'm are given such values that the 
function is not identically zero. 

In a similar manner, we find in general m solutions 


I '^1? • • • • > — 1, X, ..... jXyyi 

\yu 


for k = 1, 2, . . . , m, since each of the number- pairs ( ^ ) can 

\yk/ 

be put in the first place in the expansion of the determinant. 
Following Fredholm, we write these solutions in the form 


(23) 


I • • j It ^t • • t . \ 

= = n^. 




The denominator is independent of x and hence constant, 
and from any solution of (19) others may be obtained by 
multiplying or dividing by a constant. 

Evidently 

<t>k{xk) = 1, for ^ = 1, 2, . . . , w. 


We will next prove that the m solutions are linearly inde- 
pendent. We note that by using (23) and the relation 
0i(xi) = 1, (22) can be written 


(22**) 

In general. 


1 — c 


K{xu - 0. 


(24) 


-6 

K{xk, ^)cf>k(0d^ 

a 



1, 2, . . . , w. 


In (16), let xi= X 2 , so that the determinant on the left 
takes the form 

Xif XZt • • • Xmi • • • ^7i\ 

\yu y2, y3, . . . ym, • In/ 
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and accordingly vanishes identically, since the determinant 
has two lines alike. By expansions which are analogous to 
those above, we get instead of (22**) the equation 


In general, 
(25) 




K{xi, = 0. 


'b 

K{xr, ?)<^>s(|)d? = 0, r 7^ 5. 

a 


Now if 01 , 02 , . . . were linearly dependent, that is, if there 
existed a relation 


^30l(^) + ^202(x) +• . . 0 

with constant coefficients, then it would follow that for 

fe = 1, 2, . . . , w, 

Cl \ K{xk, i)<i>i{i)di + [ K{xk, ^)<t>m{^)d^ = 0 , 


and hence on account of (24) and (25),' 

Ck- 0, = 1, 2, . . . , m; 

this completes the proof that the functions (23) are linearly 
independent. 

Finally, we will show that every solution of (19) is a linear 
combination with constant coefficients of the functions 
0i(x), . . . , (The converse theorem that such a linear 

combination is a solution is trivial, of course, in consequence 
of the linear homogeneous character of the equation.) 

Let 0(x) be any solution of (I) (later we will set/(x)= 0); 
then 


L(x,?)0(f)^J-X 


rb 


L(x, y)cf>(y)d^dy = 


L{x,0md^ 


where L{x, ?) is any continuous function of x and Multiply 
this equation by X and add it to (I), obtaining 
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(26) 


— X 


==/(*) +x 

a 


•6 

Ux, of(m, 

a 


an integral equation with the kernel 
(27) G{x, 0 = K{x, 0 - L{x, ?) + X 




L{x, y)K(y, ^)dy. 


(This equation was used in Art. 2 with L{x, 0 = K(x,i;\) and 
G (x, ^)=0). We now let 

D 

(28) L{x, a = - 
D 

Then by expanding 

: A 

\Ki Vu ,Vn ) 

similarly to (18), we get the equation 

G{x, f) = ~rr 

V’JI 


(29) 



; c) 

\g, 7?1, . . . . , 7?n / 

Al, • ; c) 

\r\U , * '»?n / 


Remembering that every solution of (I) must satisfy (26), and 
hence every solution of (19) must satisfy 


0(x) = x[ 


a 




we insert the expression (29) for G, and noting the equations 
(23), we see that we have obtained (p(x) as a linear combi- 
nation of the 

On investigating, the equation 
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(19*) Hx) - x)4'mk = 0, 

associated with (19), under the same hypotheses, it is found, 
that this likewise has m linearly independent solutions 


(30) Mx) = 


; A 

d(^^’ 

\^1> 1 Xjn J 


and that the general solution is a linear combination of these. 

For if we designate the quantities belonging to the associ- 
ated kernel x) by bars, then we have obviously 


and hence 


therefore 


\yi, - ^yn/ \Xu,,..,XnJ' 


~Cn — Cuf Cn(x, y) — Cniy^ x) J 


and in general 


leral 

-/*1, . . . . , x„. \ ^ jy/yi, • ■ • • .y". xV 

\yi, — ,ym ) \x\ } 


from which the solutions (30) follow. 

We will collect the results of this article into the following 
theorem : 

lj\ = c is a zero of the determinant -D(X), and if the minor 
determinants of orders 1, 2, . . w — 1 vanish identically for'K=c, 
while that of order m does not, then the homogeneous equations 

<j){x)— c\ K{x, = 0, 


x)yp{m = 0, 

each possess exactly m linearly independent solutions (pkix) and 
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which are given by (23) or (30) respectively. The most 
general solutions of the above equations are linear combinations 
of these functions <t>k(x) or \pk{oc). 

In particular, we have the second Fredholm theorem : 

= c is a root of the m-th order of the equation Z7(X) = 0, 
then the homogeneous equation 


<j)(x) — c 


Kipc, = 0 


has at least one and at most m linear independent solutions. 

The roots of the equation Z)(X) = 0 are called eigen-values, 
and the corresponding solutions of the homogeneous integral 
equation are the eigen-functions for the kernel K(x, Q. Any 
root c of jD(X) == 0 can have only a finite multiplicity, since 
Z)(X) is an integral function. Accordingly, there can only be 
a finite number of eigen-functions corresponding to any one 
eigen-value. Moreover, the kernel may not have any eigen- 
values. Only for symmetric kernels (for which K{x, y) = 
K{y, x)) has it been proved in general that the equation 
D{X)= 0 must have at least one root; however, we cannot 
go into this subject any deeper. 


Art. 5. The Third Theorem of Fredholm 


We will now investigate again the non-homogeneous equa- 
tion 


(31) 


0(x) — c 


a 


K{x, ^)4>i0d^ =f{x) 


under the assumption that c is a zero of Z)(X), and that the 
minor determinants of orders 1,2, ... m — 1 vanish identically 
for X = c, but that the minor of order m does not vanish 
identically. 

We will show first that (31) in general has no solution, that 
is, for arbitrary choice of the function f{x); and moreover. 
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that certain conditions onfix) are necessary and sufficient for 
the existence of a solution. 

First, let <t>{x) be a solution of (31); then on multiplying 
with xl'kix) (see (30)) and integrating, we find 


f{x)\l/jc{x)dx = 


4’(x)\pk(.x) dx ■ 


4 


K(x, ^)4>{i)^k{x)dxdk 


4>{x)dx\il/k{x) — c 


m,x)Mm)\ = 0 




from equation (19*). 

Hence the m conditions 


(32) 


•b 

f{x)i/k{x)dx = 0, 


a 


(k 


1, 2, . . . , w) 


are necessary conditions which /(jc) must satisfy if (31) is to 
have a solution. That is, /(x) must be orthogonal to each of 
the \f/k(x). 

These m conditions are also sufficient, for if they are satis- 
fied then 

(33) $(x)=/(x) 



is a solution of (31). 

In order to see this, substitute this function for in (31), 
which gives, after a simple reduction, 
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This equation leads, if we expand as in (18), 



+ ;c) 

\y f Vlf • • • • I f]rn^l J 



\y} Vh • • • • » / 


4" c 


and use the definition equations (30), to an equation of the 
form 

f(y) iax^Pi{y)-ir +a„4>„,{y)\ 


) I dy = 0 , 


where the xih are free of y. But this equation is satisfied, 
because /is orthogonal to all the and hence is a solution 
of (31). 

Having found that a solution exists under the hypotheses 
(32), we must note that this is not the only solution. On 
account of the linear character of the equation (31), we can 
add any linear combination of solutions of the corresponding 
homogeneous equation, and still have a solution. Hence the 
most general solution of (31) is of the form 


(34) 


m 


4>{x) = ^ix)+'E Ck<l>k{^). 

fc=i 


We can now state the third Fredholm theorem : 

If c is a root of the equation I1(X) = 0, then for the existence 
of a solution of the non-homogeneous equation (31) it is necessary 
and sufficient that f{x) be orthogonal to all the solutions ^a(x) 
of the. associated homogeneous equation; if these conditions are 
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fulfilled, then the general solution of (31) is found by adding to 
the solution^ defined by (33) a linear combination of the solutions 
of the corresponding homogeneous equation. 

It is evident that the Fredholm theorems on linear integral 
equations of the second kind show a very complete analogy 
with the theory of linear equations in algebra, when the 
number of algebraic equations is equal to the number of 
unknowns. 

The Fredholm theorems lead immediately to the following 
theorem, which we will use in the solution of boundary value 
problems: 

If the homogeneous equation 


(t>ix) - X 




K(x, = 0 


has no solution, then the non-homogeneous equation 

(p{x) — Xj X{x, OPiOd^ = f(x) 
has a unique solution. 

If the homogeneous equation has exactly m linearly inde- 
pendent solutions (l>u . . . <bmy associated homogeneous 

equation has likewise m linearly independent solutions pu . . 

The non-homogeneous equation in this case has a solution if 
and only if f(x) is orthogonal to all the solutions pk, cind if this 
condition is satisfied, the general solution contains m arbitrary 
constants. 

For if the homogeneous equation has no non-trivial solution, 
then 19 (X) 0, from which the first part of this theorem follows. 

On the other hand, if the homogeneous equation has exactly 
m independent solutions, then i9(X) and all the minor deter- 
minants down to the order m — 1 vanish identically, but not 
the one of order m, from which the second part of the theorem 
follows. (We have used here the converse of the theorem on 
page 275, which is obviously true also.) 
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Art. 6. The Iterated Kernels 


We found in Art. 2 that the resolvent, 


K(x, y ; X) 


D(X) 


is an analytic function of the complex parameter X, and indeed 
is a meromorphic function. Since the denominator D{\) does 
not vanish for X = 0 (for we have Z>(0) = 1), the resolvent is 
regular near the origin and can be expanded in a power series 

(35) K(x, y ; X) = S y) X" 


in the neighbourhood of X = 0. This series converges in the 
maximum circle which contains no singular point of K, that is, 
in the largest circle which contains no zero of D(X). Hence, if 
Co is the eigen-value of smallest absolute value, then \co\ is the 
radius of convergence. If the kernel K(x, y) has no eigen- 
values, then the resolvent K(x, y; X) is itself an entire function. 

The coefficients of the power series, which have been desig- 
nated by K^(x, y), may be found by recursion formulas ob- 
tained by substituting (35) in (11) and equating coefficients of 
jike powers of X. For the first function we have 


(36) KKx,y)-K(x,y ;0)=K(x,y). 

The succeeding functions are * 

KKx.y)^ [ K{x, ^)K y)d^, 

J a 

K\x, y) = K(x, y)di, 


and in general 

(37) K-+\x,y) 


Kix, i)K-a, y)d^, (n = l,2,.. .)■ 
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It is easily shown that 


y) = 

(37*) 
and in particular 


r6 


K{Xi ^i) K (fi, ^2) K{^ny y)dil- * • 


y) = 


QK-(^, y)d^, 


y) = 


rb 


K-ix, y) 


The functions K^{x, y) are called the iterated kernels. They 
are of importance in the extension of the Fredholm theory to 
non-bounded kernels (see Art- 8). 


Art. 7. Proof of Hadamard^s Theorem 

Given the determinant 


(38) 

A = 

dll 

ai2 • - - 

. . din 

— [^rs] y 

let 

7t 

dnl 

an2 - . . 

• • Cl^nn 


(39) 

Cr= S |ariP = 
,= 1 

+ |<2'r2p + 

. . . . + |arnP’ 


Then Hadamard's theorem is that 
(40) 1^12 <^1^:2. . . Cn^ 

To prove this, introduce the conjugate determinantZ whose 
elements dr^ are the complex conjugates of the corresponding 
elements of Z, and the quantities 


bra 




(r, 5 = 


and their determinants 

B^lbrsl B = [br.l 
Then we have to prove that 
(40*) \B\^==BB^l. 


1, 2, . . . , tz) 



282 


The Fredholm Theory 


Chap. X 


From (39) we obtain 

(39*) ilbribri=^h (r - 1,2, ...,i^). 

i=l 

Let us find the maximum value of BB, as a function of 
brs, brsi subject to the conditions (39*). We express this in 
terms of real variables by writing 


bfs Xrs“\~ '^yrsi 

hr 8^ ^rs 


Then the function BB is to be made a maximum as a function 
of the real variables Xrh ^rs, which are not independent but 
subject to the conditions (39*). By the Lagrange multiplier 
method, this is equivalent to making the function 

n n 

BB S bisbls • • • • S bfisbns 

5=1 


a maximum, where the Lagrange multipliers Ir are constants 
and the variables Xrs, yrs are treated as if they were all inde- 
pendent. Hence we set each partial derivative equal to zero, 
and since 


and 


dB „ 

= jDr# , 

dXr a 



dXr8 


r 


dB 

dyrs 


= iBf 


— = -iBr8. 
dyvB 


where Brs and Brs are the cofactors of brs and bys in B and B, 
we find 


BBra +BjBrs= 2lrXr8t 


-iBBr8+ iBBrs = 2lryrs, (r, s = 1, 2, ... w). 
From these, we find 

BBra ^ ^r(^r« '^yra^ ~ lybys' 
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Multiplying by brs and summing, this gives 


B 2 Brsbrs— Ir 2 bys^rs' 

or from (39*) 

BB = Ir, 


Hence the Lagrange multipliers are all equal, and 


b 


rs 


BBr, 

Ir 


in. 

B 


By the rule for multiplicatiori of determinants, 


RR— V 7, ^ 

IJJLJ — 2u Or S Ota — 

c =1 R 


1 0 .. 

.0 

0 1 .. 

.0 

0 0 .. 

. 1 


Hence the maximum value of BB is 1, which establishes (40*) 
and hence the inequality (40). (The minimum value of BB 
is 0.) 

If the elements of the determinant A all satisfy the con- 
dition 

|<^ral ^ kj 


then from (39), Cr< and hence from (40), we get the 
inequality used in Art. 2, 

|^|2< 


Art. 8. Kernels which are not Bounded 

The Fredholm theorems remain unchanged when the ker- 
nels are not required to be continuous, but are merely supposed 
bounded and integrable. No change is needed anywhere in 
the proofs. The situation is different when the kernel K{x, y) 
is supposed integrable but not bounded; for in this case the 
auxiliary functions Cn, Cn(x, y) may lose their meaning (see 
below). 
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But in the solution of boundary value problems we will 
need to use precisely this case where the kernel is integrahle 
though not bounded. Hence we need to investigate under 
what hypotheses the Fredholm theorems are still valid for 
unbounded kernels. We will assume that the n-th iterated kernel 
K^{x, y) remains hounded^ for fixed n. Then all the higher 

iterated kernels etc., are bounded. The Fredholm theo- 

rems are valid for an integral equation with kernel K^. The 
determinant and the minor determinants for this kernel can 

be formed, and will be designated by I)rt(X)and Dn{^;X 

they are entire functions of X. 

The resolvent of is 

D 

(41) Knix,y;\) = — 

or 



(42) Kn{x, y; X) = X"(x, y) + \K^’‘ix, ^j) +. . . 

+ y) +..., 


where . . . are iterated kernels. The last form is valid 

only in a certain neighbourhood of X = 0, while the first is 
valid over the entire X-plane. 

The resolvent K{x, y ; X) of the original kernel K{x, y) is 


at first not defined, since D(k) and D 



are not defined for 


an unbounded kernel. In the applications, it is generally the 
case that X(x, y) becomes infinite for y = x, or in other words 
on the diagonal passing through the origin of the square 
a^y ^ b; then the coefficients C„ and Cn(x, y) 
defined by (2) and (3) lose their meaning, because their defi- 
nitions contain the term X(^, ^). In order to obtain a definition 
of the resolvent kernel iC(r, y ; X) for a non-bounded kernel, we 
will first obtain another form of the resolvent kernel K for a 
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bounded kernel K, a form which will retain its meaning when 
K is non-bounded but integrable and K” is bounded. 

From (42), for 5 = 1, 2, . . . . , n - 1, 

K^{x, 3^; 3;) + y) 

+ y) 

hence, combining this with 

K(x, 3^ ; X) = K(x, y) + XK^{x, y) + X‘^K^{x, 3) +. . . 
we find 

K{x, y\ X) = K{x, y) + XK\x, y) +. . . 

+ y) + X^-^Knix, y; X^) 

+ y : X") d^. 

For brevity, let 

(43) 5(x, y ; X) = K{x,y) + XK^{x.y) + . . .+X^-^K^-\x, y); 
then 

(44) K{x, y ; X) = S(x, y ; X) + X^'^^Kn(x, y ; X^) 

+ X^ Six, ^,X)Kn(?,y;X-) d^, 

J a 

Now this representation of the resolvent Kix, y ; X) for 
bounded kernels Kix, y) retains a meaning in our more general 
case of an unbounded kernel. Inserting in (44) for Knix, y, X”) 
the expression (42), where X” is to replace X, we obtain a for- 
mula valid in a certain neighbourhood of X = 0. But the use 
of (41) leads to 

(44*) Kix, y ; X) = Six, y; X) +X"“i 

+x"r5(.r. ? 
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and this representation is valid for all values of X except the 
zeros of -Dn(X"). It is evident that K{x, 3/ ; X) is again the 
quotient of two entire functions, of which the denominator 
is Dn(X^): 


( 44 **) K{x, 3/; X) = 



5(r, f;X)Z>n 







Now that this expression for the resolvent has been found, 
the Fredholm theorems may be applied to our more general 
case. Hence for example, when X is not a zero of £>n(X^), the 
non-homogeneous integral equation has a unique solution 
which is still given by (II). It is merely necessary to substitute 
( 44 ) for K{x, y ; X). Also the other theorems of Fredholm 
remain valid. We will not consider them in detail. 

Remark: The Fredholm theorems concerning integral 
equations of the second kind remain valid when x and y are 
interpreted as points in a finite region of more than one 
dimension. The integrals become double, triple, or multiple. 
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Art. 1. Reduction to Integral Equations 


In this chapter we will give the general solution of the 
boundary value problems formulated in Chapter VI L We 
will transform these problems to integral equations, and dis- 
cuss the resulting equations. 

First consider the Dirichlet problem for the interior region 
V bounded by the closed surface S, which we will assume to 
have a continuous curvature. In the exterior problem, 5 was 
supposed to consist of several parts, but for the interior problem 
the bounding surface S is assumed to be a single surface, as 
this is no restriction on generality.^ Now a harmonic function 
u is sought, regular in V and continuous in F + *5 and satis- 
fying the boundary condition 
( 1 ) ' u-^fonS, 

where / is a continuous function on S. (The symbols W+, 


^ have the same meaning as in Chapter V, Art. 5 (after 
dn dn 

equation (16)) and Art. 6.) 

Let 


( 2 ) 


u{P) = 



m(0 


cos(r, Hq) 


which is equivalent to assuniing that u is the potential due to 
a double layer on 5 of moment ix. Let us seek to determine ju 
so that the condition (1) is fulfilled. If this determination is 


^See Chapter VII, Art. 3. 
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possible, then it is evident that ( 2 ) is the solution of the 
problem. For, the function u defined !>y (2) clearly isaregular 
harmonic function in F, and if we complete the definition of 
by ascrildng it the value / on 5, then from ( 1 ) it is continuous 
in V + S. Now \vc* liave shown" that on approaching a point 5 
of S from the inttudor, the function defined by ( 2 ) satisfies the 
condition = w{a) — 2Trfiis), Hence the moment ix must 
satisfy the equation 


(3) 


-27r^(.s) + 




71q) 


dS - /( 5 ). 




Let 

(4) 


Q) 


1 . 


then the desireri fum lion is the solution of the equation 

./(•O 
Yir ’ 


(5) 


Ills) — 


A'f.s, Q)^iiQ)dS 


a non-homogeneous integral ec|uation of the second kind. 

In the exterior problem, the condition to be satisfied is 

(()) w . - /. 


Fsing again the assumption ( 2 ), with P now understood to be 
an exterifu' t)oint, ue obtain 


tits) 27r/ifsj, (u’ |ifs) 4” 


id' .S’ j 
'"'277'"' 


/ 

277 ’ 


so that w<* iH‘ed to solve the integral etpiation 

f" Psj 

(7) ‘ K^sJJnvQ)dS - ^ ^ ■ 

Jj 277 

In the interior Neumann prf>bleni, we must satisfy the 
boundary cruidit ion 

Chapter V, Art, A, Kq’iatieii M? . thf notation A for the surface 
point is rhangrci to % 
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where it is necessary that the function / satisfy the condition 


fdS = 0. 


Here we let 


u{P) = 


i.e., assume that u can be represented as the potential of a 
surface distribution of mass of density <t. Now (see Chapter V, 
Art. 6, equation (21*)) 


= 27rcr(.)+ criQ) 


<r(s)+ KiQ,sMQ)dS^' 


Evidently 

(4*) K(Q, s) = - 

2r 

is the associated or transposed kernel to K(s, Q) of (4). 

For the exterior Neumann problem, with the boundary 
condition 


KiQ. s) 


we use again the assumption (10) and obtain the integral 
equation 

(13) a{s) - [ [ KiQ, s)c(Q)dS = • ■ 

J J 2ir 
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Evidently the integral equations (11) and (13) are the associ- 
ated or transposed equations corresponding to (7) and (5) 
respectively. 

We can combine the integral equations for the first boun- 
dary problem in the form 


(I) 


^( 5 ) — X 


K(s, QMQ)dS = g{s): 


j j 

s 


Here X is 1 for the interior problem and —1 for the exterior 
problem, and g{s) is — /(.s)/27r and f{s)/2T respectively. 

Similarly, the solution for the second boundary problem 
is found by solving the integral equation 


(II) 


cr{s) — X 


X(<2, s)c{Q)dS = g{s) 


s 


with X equal to —1 and 1 respectively for the inner and outer 
problems , and g(s) equal tof{s)/2T and —f(s) /27r respectively. 
The normal is assumed to be the outward normal on the closed 
surface or surfaces 5 in every case. 

For the interior third boundary value problem, we have 


(14) 


du- h . 
dn k 


where we suppose that the function k does not vanish on S. 
We make again the assumption (10) used in the Neumann 
problem, and find 


-p A = 27ra-(.s) + 
dn k 



cos(f, fls) 




or using the kernel 

( 15 ) 

Stt ( r,Q k{Q) r,Q) 
the resulting integral equation is 
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(16) 


a(s) + 


^(s, QMQ)dS 


27r 


For the exterior third boundary value problem, we have 


(17) 


du+ , h 

~+-r^+ = f, 

dn k 


and the resulting integral equation 
(18) <r(s) - 


H{s, Q)<7(Q)dS 

2ir 


for the density cr to be used in (10). 

The kernel K(s, Q) of (I) becomes infinite as <2 > and i 


fact becomes infinite like since 


remains 


bounded on account of the continuous curvature of 5. Since 
K becomes infinite like 1/r, it may be shown that the third 
iterated kernel K^(s, Q) remains bounded for all points s and 
Q of S, even when they coincide (see Art. 4). Hence the Fred- 
holm theorems can be applied to (I) and also to (II). The 
kernel H{s, Q) likewise becomes infinite like l/r when Q s, 
so that H^(s, Q) is also bounded. 


Art. 2. The Existence Theorems 


We can now prove: The Dirichlet problem for the interior 
has always a unique solution. That not more than one solution 
exists is already known, from Chapter VII. Now we will show 
that a solution actually exists. The homogeneous equation 
corresponding to (5) is 


(19) 


m(-j) — 


u^{Q)Kis, Q)dS = 0. 


It is sufficient to show that this has only the trivial solution 0; 
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for then by the Fredholm theorems, (5) must have a solution, 
and only one. Now let Jl he a. solution of (19). Form the 
potential function u due to the double layer Jl, 

^cos(r,n) ^ 

u = fx do 

s 

then U-— 0, because /i satisfies (19), and consequently u === 0 
identically in V on account of the uniqueness theorem for the 

du • 

Dirichlet problem. Hence — on 5 vanishes, and therefore 

dn 

— = 0 (Chapter V; Art. 7). But from this it follows that 
dn 

w = 0 in the space outside 5, from the uniqueness theorem 
for the exterior Neumann problem.® Hence 0 for all 
points of 5. Hence finally 

Us) =^( m +-«_) = 0 , 

47r 

which completes the proof. 

Hence 1 is not an eigen-value of (I) . Accordingly, it is also 
not an eigen- value of the transposed equation (II), so that we 
also see immediately: 

The Neumann problem for the exterior of S always has a 
unique solution. 

The exterior Dirichlet problem, which is of a more com- 
plicated nature, will be considered in the next article. 

We now consider the interior Neumann problem. We will 
show that the condition (9), which we know to be necessary, 
is also sufficient for the existence of a solution. It has already 
been seen that the solution, if it exists, is unique except for an 
arbitrary added constant (Chapter VII). The homogeneous 
equation corresponding to (11) is 

*At first it follows that u — constant, but since « = 0 at infinity, we 
get in fact 0. 
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(20) Hs) + K(Q, s)a{Q)dS - 0. 

The transposed or associated equation, which is the homo- 
geneous form of (7), is 

(20*) His) + [ f K{s, QMQ)dS = 0. 

The equation (20*) certainly has a non-trivial solution, 

( 21 ) 

since from Chapter V, Art. 5, 

-2^ 

JJ ^5. 

holds identically for all points ^ of 5. We now assert that 
(20*) has no other solution not a constant. Let m be an arbi- 
trary solution of (20*), and form the corresponding poten- 
tial Uj 

- f f-cosCr, no) 
u= fx ^ao, 

J J 
s 

then 

u+= 2^]lis) + I" [ HQ) = 0. 

J J r- 

The harmonic function Uy being the potential of a double dis- 
tribution, has the mass 0. It is therefore the solution of the 
exterior Dirichlet problem for *S with the mass 0 and the 
value 0 on 5, and hence ^ = 0 in the entire exterior space, from 
the uniqueness theorem of Chapter VII, Art. 1. Therefore 

= 0 over the entire surface S, and hence = 0 over S 
dn dn 

also. Since the solution of the Neumann problem for the 
interior is unique to within an additive constant, il must be a 
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constant inside S, so that is a constant on approaching S 

from the interior. Hence finally, Jl{s) = — (w+— u^) = con- 

47r 


stant, as we wished to prove. 


From the Fredholm theorems, it follows that the non- 
homogeneous equation (11) has a solution a, because / and 
hence also//2T is orthogonal to the only solution (a constant) 
of the transposed or associated homogeneous equation (20*), 
this being the condition (9) imposed on/. Using this solution 
cr in (10), we obtain the solution u of the interior Neumann 
problem. (The solution a of (11) is, moreover, only deter- 
mined to within an additive constant, because (20*) has a 
constant as a solution.) Hence we have the theorem: The 
Neumann problem for the interior of S has a solution satisfying 

= f if and only if fdS = 0; the solution is uniquely deter- 
dn J J 

s 

mined except for an additive constant. 

From the above, it is evident that —1 is an eigen- value of 
(I) and hence also of (II). 

We have reduced the third boundary value problem to the 
integral equations (16) or (18). The Fredholm theorems 
therefore lead to the following results: Either the boundary 

value problem with the boundary condition — u_z=^ f has a 

dn k 


unique solution ^ or the corresponding homogeneous problem with 

the boundary condition -j- A = Q has a finite number of 
dn k 


linearly independent solutions. In the last case, the non- 
homogeneous problem has in general no solution ; it has a 
solution if and only if / satisfies certain orthogonality condi- 
tions, and then the solution is no longer unique. Entirely 
analogous results hold for the exterior problem. 



Art. 2 


Heat Conduction Problem 


295 


In the case of the heat conduction problem, where — > 0 

k 

always, it has already been shown (Chapter VII, Arts. 2, 3) 
that the homogeneous problem has no (non-trivial) solution. 
Hence it follows that; The heat conduction problem with 
Newton's law of cooling has always a unique solution. 


Art. 3. The First Boundary Value Problem for the Exterior 


We will assume at first that the surface 5 is a single closed 
surface; later the general case will be considered. In the 
preceding article, it was shown that X == — 1 is an eigen- value 
of the kernel K{s^ Q), and that the homogeneous equation 
(20*) has only the solution jS: = 1 (to within a multiplicative 
constant). Accordingly, by the Fredholm theorems, (20) has 
only one solution cr (to within a constant factor). Form the 
potential 


(22) 


C7(P) = 



j j 

s 


^QP 


due to the surface distribution of mass of density On 
approaching 5 from the interior, the normal derivative takes on 
the limiting value 


dUs 


= 2t(j{s) + 


HQ) 



dS = 0, 


because cr is a solution of (20). 


Therefore = 0 for all 

dn 


points of 5, and since the solution for the Neumann problem 
for the interior is unique to within an additive constant, it 
follows that U must be a Constantin the closed region Vi+ S, 
say 

(23) 


U = C on S and in 
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If S is an insulated electrical conductor which is given an 
electrical charge, then after equilibrium is reached the elec- 
trical potential is constant on 5 and in Vi. The equation (23) 
is therefore characteristic for the potential of an electrostatic 
conductor. Hence (22) can be considered to be the potential 
due to a charge on a conductor, with ? representing the density 
of electricity on 5. This density, from the above discussion, 
is a solution of (20), and hence an eigen-function for the kernel 
s). Since the solution ^ has a constant factor at our 
disposal, we have at hand immediately the answer to the fol- 
lowing questions: 

a) What is the electrical charge density which creates 
the potential 1 on the conductor 5? 

Since the above density c creates the potential C, the 

desired density is — • 


b) The total charge E is placed on the conductor S. 
How does the charge distribute itself, or what is the 
density function ? 

For any particular charge density a, the total cl^arge is 


El 


(xdS. 


Then — cr is the desired density, because 
El 


j j 

s 


— us = E. 

El 


We now return to the discussion of the Dirichlet problem. 
Still using the assumed form of solution (2), we are led to the 
equation (7). This non-homogeneous integral equation has a 


solution only if / is orthogonal to o-, that is, if 


f{s)cr{s)dS=0, 


6 ' 


which is not in general the case with an arbitrary function /. 
In fact, the potential for the exterior region Ve cannot in 
general be expressed as the potential of a double layer. We 
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will now see that it is the sum of the potential of a double 
layer, a potential due to an electrostatic conductor, and a 
constant- The equation 


(7l) m(5) + 




K{s, QMQ)ds 

2ir 


has a solution if and only if 


(C = constant) 


JJ (M - c)Hs)dS = 0, 
s 


or 


(24) 


C 




After C has been determined in this way, (7i) has a solution; 
let AC be a solution. Then 


(25) 


W = 




is a regular harmonic function, which satisfies the boundary 
condition = f{s) — C on approaching 5 from the exterior 
region 

Let U be the potential which corresponds to a unit elec- 
trical charge on a conducting surface 5, 


(26) 



with 


adS = 1. 


U is evidently uniquely determined by 5. For this potential 
U, let 


(27) 


U — b constant) on 5. 
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Then MU has the mass M and takes on 5 the constant value 
Mh. The function 

(28) w = W + MU 

is therefore harmonic in the exterior Fe, has the required 
properties of regularity and has the prescribed mass M. 
Moreover, on approaching 5, 

W++ MU+ = f{s)- C + Mb, 

Hence 

(29) w = TF 4- MU + C - Mb 


is the solution of the problem. 

The generalization to the case where 5 is composed of 
several separated surfaces Si, S 2 , . . . , S^ is now not difficult. 
The homogeneous equation 


(20*) m + 

now has the solutions 


JJif(5, Q)mdS =0 

s 


(30) 


~ / \ f 1 on Sk) 

- \o on 5i , . . . , 5,^1, , 5,n 

(* = 1, 2, 3, . . . , m). 


These m solutions are evidently linearly independent. We 
will show that there are not more than m linearly independent 
solutions of (20*). Let /I be an arbitrary solution. Form the 
corresponding potential of a double layer 


-COSMOS; 


then from (20*) the equation 


= 27rjn(s) 4 ” 


J1(Q) dS = 0 
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holds over the entire surface S, The harmonic function u is 
therefore a solution of the exterior Dirichlet problem with the 
mass 0 and the boundary value = 0. From the uniqueness 

theorem, u ^ 0 in Hence = 0 everywhere on 5, 

dn 

dzZ— 

and hence s 0 also. By the Neumann interior problem 

dn 

uniqueness theorem, u is constant in the interior of each of 
the surfaces Sjc- Hence is constant over each of the surfaces 

I 

5fc. Hence, finally, it follows that Jiis) = — ilJ) is con- 

47r 

stant on each of the surfaces 5* ; if these constants are Ci, 

Cmt then evidently Jl can be written in the form 

M == ClHl+ C2fl2+ + Cmlimj 

or is linearly dependent on the functions (Xk, as we wished to 
prove. 

Now, by the Fredholm theorems, the homogeneous equation 

(20) c{s) + K{Q, sMQ)dS - 0 

has likewise m linearly independent solutions and no more. 
Let 

(31) <^ 1 ( 5 ’), <?‘2('y), . . . . , C^7n(*^) 

be an arbitrary system of linearly independent solutions. 
Form the corresponding potentials 

Zi^dS, = 2, ...m; 

r 

then the normal derivatives satisfy the conditions ( ) =0, 

\ dn /- 

because the at are solutions of (20) ; ■ the^Z/* are constant inside 
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5 and hence on 5. The potentials Uk are therefore constant 
inside and on each of the surfaces Sk, or are potentials due to 
static charges on conductors Sk^ The Uk are linearly inde- 
pendent. For, if a relation feiC/i+. . . . +• bmUm= 0 existed be- 

bn/- \dn/+ 
it would follow that the same relation 0 

exists between the ak\ but these functions are linearly inde- 
pendent. 

Every combination 


pcilUCliL. ui , iJL cl 1 . . .n ^m^in= uk:- 

tween them, then from the relations 4:Trdk = ( ] 

\ bn /- \ bn J-\ 


(33) 


TJ — (llU\‘'\~. . •~\‘CL7nUm 


is likewise constant on each of the surfaces 5^, and is hence 
the same as an electrostatic potential due to charged con- 
ductors. Evidently 

^r(0 


(33*) 

where 

(34) 


U = 


dS, 


T = ai5i + . . . . + 


and T is also a solution of (20). The equation (33), with arbi- 
trary constant coefficients, gives the most general potential 
due to charged conductors 5*. 

We now consider the problem of finding that conductor 
potential U which takes on prescribed values Ci, C 2 , . . . . , 
on the corresponding surfaces. Let 

(35) Uk — const. = Cki in Fz-f* Su 


where Vk is the interior of Sk\ i.e. . 


Cki in Fid- S\y 
j _ ] Ck 2 in .F 2 + 52, 

Ckm in F,n "f" Sm- 


1, 2, . . . . w) 
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Assuming U in the form (33), we find for the ak the m linear 
non-homogeneous equations 

aiCii+ a2t:21 + . . .+ (lmCml= Ci, 

<22^^22 + * . .+ CLmCm2= C 2 , 


0'lClm+ + . * .+ 

The determinant [^rs] of the coefficients is not zero, since the 
potentials Uu , Um are linearly independent. Hence 

the constants Ci, . ,am are uniquely determined, and hence 
U is likewise uniquely determined. Naturally, the electrical 
density r of C/is also uniquely determined by (34). The problem 
is thus solved. 

We now solve the following problem; Charges £i, £ 2 , ...» 
Em are placed on the conducting surfaces Si, S 2 , . . . , Sm- What 
is the potential U produced by them, and what is the density r? 
The desired density r must satisfy the equations 



rdS = Er (r = 1, 2, . . . , w). 


By using (34), we again obtain m linearly independent non- 
homogeneous equations for the constants ai, a<i, , , . , Let 

(38) = cfki on Si, 


that is, 


(j-ki on Si, 


(^ = 1 , 2 , . . . , m), 


O' km on Om. 


(the functions ars are naturally not constants), then the 
equations (37) take the form 


(37*) ai 


1 [ftri,<i5 + aJ|<rs.d5+...+ a„ Omr dS == E 


{r = 1,2,. m). 


s, 
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The non-homogeneous equations (37) or (37*) have a unique 
solution for the constants ai, a 2 , . . . , Cm, since the correspond- 
ing homogeneous equations have no (non-trivial) solution. 
For, if a solution of the homogeneous equations existed, this 
would lead to a potential £/, not identically zero, produced by 
zero charges £r= 0 on all the conductors, which is evidently 
impossible. (That this is impossible follows in a purely 
mathematical way from the Green’s formula (30) in Chapter 
III, Art. 6.) Since the are uniquely determined, it follows 
that T and U are uniquely determined, and the problem is 
solved. 

We now return to the solution of the Dirichlet problem. 
The equation (7) of Art. 1 has, for an arbitrary function/, no 
solution. ^ On the other hand, the equation 


( 72 ) fi{s) + 


K{s,Q),.iQ)dS 


C2AI2” 




27r 


has a solution, if the constants Ci, C 2 , . . . , are determined 
so that the right member is orthogonal to all the m solutions 
ai, 0 ^ 2 , . . . , o^m of the homogeneous equation (20). We must 
therefore determine the Ci, C 2 , . . . , to satisfy the m equations 


or 


J J [y ^1/^1 • • • ^mfJ-ml — 0 

5 


(39) 


fxiCkdS + C2 


M2 cr A dS + . . . -f- Cn 




kdS 


= j J f^kdS, (^ = 1 , 2 ,..., m). 
s 

The determinant of the coefficients of (39) is the same as that 
of (37*), as may be seen by noting equations (30) and (38). 
This determinant therefore is not zero, and the Ck are uniquely 
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determined. With a solution ju of ( 72 ), form the potential of 
a double layer 


(40) 


W = 


cos (r, n) 

M 2 — dS. 

r2 


It has the mass zero, and the boundary value 


Wa. f Cifii * • • Cjji fl-fn 

because fi satisfies the equation (7 2 ). 

We have already solved the problem of finding the con- 
ductor potential which takes on the prescribed values 
Cl, C 2 , . . . , Cm on the corresponding surfaces. We now 
designate by (^ = 1, 2, . . . , m) that uniquely determined 
potential which takes on the value 1 on 5* and vanishes on all 
the other surfaces. By (30), this is equivalent with the condi- 
tion {Uk)+= fj^k- Let Mk designate the mass of the potential 
tJk* Then we put the desired u of the Dirichlet problem in the 
form 

(41) u = W -t piUi + P 2 C 2 + . . . + PmVm + Cj 

where the pi, p 2 i • • • , pm and c are constants. They must be 
determined so that u+= f and the mass of u is equal to the 
prescribed M, Hence 

(42) = / — Ci/Xi — . . . — CmJjim-^Plfj'l + • • • 


and 

(43) piMi + P 2 M 2 + . . . -i- pmMm^ M, 

From (42) it follows that everywhere on S, 

{pi — Cl) jili + . . . + {pm “ O Mm + — 0, 

or by considering (30), 

pk ~~ Ck c = Q, (^ = 1,2,..., w) 
or 
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(4:4) p\ — Cl Cj p 2 C2 C, . . . j pm Cm C, 

Hence 

i^Cl - c) Ifi + (C2 - c) M2 + . . . + {Cm - c)Mm = M, 
so that 

CiMi + C2M2 + . . . + CmMm ““ M 

(45) c = — 

Ml + M2 + . . . + Mm 

Since the Cu ^2, . . . , Cm were already fixed by (39), it is evident 
that c is determined by (45) and then the pu by (44). Our 
problem is therefore solved. The solution is again the sum of 
the potential of a double distribution, a potential due to 
charges on insulated conducting surfaces and a constant. 

If the Dirichlet problem for the exterior is put in the second 
simpler forni (Chapter VII, Art. 3), the solution is of the form 

(46) U^W + CitJi^-.,.+CmUm^ 

Since evidently u fulfils the requirements of regularity and 
continuity, and 

= / — CiJii — ... — Cmjim + Ci]xi + , . . + Cm^m=^ j, 

the solution is again uniquely determined. For, if U2 be a second 
solution it must have the form ^2== W2+ U2, where 14^2 is the 
potential of a double layer and U2 is the potential of a simple 
distribution over S. Let U2 have the mass N2. Now 
C1V1+ . +CmVm has Ihe mass CiMi + C2M2 + . . . + CmMm — N, 

Then w,+ + cJOr.) 

N 


has the mass zero and takes on the boundary value 


{CifXi +-•..+ Cmf^m)‘ 


However, from the uniqueness theorem of Chapter VII, Art. 3, 
there is only one function of the form w + const., where w is 
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harmonic and regular in F^, which has the mass zero and the 
above boundary value. This is 


W + CiMl + . . . -i- C„flm (CiJli 

Accordingly 

= IF + (Ci/ii + . . . + Cmjim )- 

From this it follows that 

1 - = 0, or iVa = N. 

N 

and that ^ 

W 2 ^W, and C72-^(cii/x + ...+c„C7„)=0 

N 

or Z72 = CiV I -j- , , , . CmU mi 

which we wished to prove. 

The solution given in Chapter IX, Art. 1, for the first 
boundary value problem for the exterior of the sphere, by 
means of the Poisson integral, is evidently the sum of the 
potential of a double layer and of the potential due to a charged 
conductor, and from the above results this solution is unique. 

Art. 4. Boundedness of the Third Iterated Kernel 

To complete our proofs, we still have to demonstrate the 
assertion made above that the third iterated kernel K^(s, Q) is 
bounded. 

For this purpose, we will first prove an auxiliary theorem. 
Let r be a bounded plane region, j and w points of T, and let 
g(s, w) be a function such that for all points s, w in T, 
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g (s, w) 


G (s, w) 


where r^w is the distance from 5 to w, and 0 < a < 2, and 
where G(s, w) is bounded for all points s, w, or |G(5, w)\ '< M. 
Likewise, let 

h (s, w) = ^ 


where 0 < 0 < 2, ] H(s, w)l < M. 
Let 

f(s,w) = 


G{s,Wi)H{wi, w) 


' SWl ^iviw 


Wi) h(wi,w) dSy,,= 

T T 

we will investigate the behaviour of /(s, w) when w s. 
It is known that the integral 

dxdy 




where r is the distance of the point (x, y) from the origin, has 
a definite value for a < 2 even when the origin lies in T. This 
is proved easily by introducing polar coordinates, so that 


dxdy 



and the exponent a ~ 1 < 1. 

From this it follows that w) is bounded as long as w 
remains at a finite dis^nce from 5. 

When w approaches indefinitely near to 5 , the integral 
f{s, iv) still remains bounded if a + /3 — 2<0, 
because the integral 

f G(s, wi)H(wuw) 

'SU'l 


still has .a value. 
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However, it is different when a + /3 — 2 S: 0. We claim 
that in the case a + /3 — 2 > 0, the function 

rsJ-^-^As, w) = Fis, w) 

remains bounded, and therefore that/(^, w) may become infinite 
of the order a + ^3 ~ 2 with respect to l/r^un and that for 
a + /? — 2 = 0, /(j, w) may become infinite like log(l/r). 

To prove this, consider 5 as fixed and as the centre of a 
circle of radius let Ti be the interior of this circle, and 

T 2 be the remainder of the region T. Then 


f{s, w) = 


. . . + 


T Ti Ti 

As long as the integration point wi lies in T 2 , the quotient 
lies between two positive bounds, 0 < a < < b, so 

T swi ^ s wi 

that one can replace r « by r or vice versa, in any inequality. 
Hence 


G(5, Wi)H(Wu w) 


< 


J 


dS 


2\ 


Introducing polar coordinates with s as pole, then for 
a + j3 - 2 > 0 

rR 


Ti 


dS 

„a + ^ 

SWi 


< 2ir 


dr _r -2x "I’'” 

+ “L(a+/3 -2^ + ^-^^ = 


|r-K 
= 2r». 


where i? is large enough so that r 2 lies in the nng2rsw^ R. 
Hence 

g(i, WiMwi, w)dS =0( ) ■ 

SW 

dr 


For a + ^ — 2 = 0, since 


= log r, it is evident that the 
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integral 


g{s, wi)h{wi, w)dSwi tnay become infinite like 




log (I/O- 

For the other integral, 

g{s, wi)h(wi, w) dSv 


< ikf2 


dS 


Ti 


' SWl ' WiV) 


We introduce a similarity transformation which enlarges Ti 
to the unit circle. If for brevity 2^^^^ = k, then denoting the 
points in the new coordinate system by bars, we have 


and 


SWl SWl 1 UVlW WiW i k dS<iifj^ 


dS^ 


1 


J Ts'iiji f'wiw 

i 1 


dS 


+ fl 2 J J — 

/unitN 

vcirde/ 


The integral on the right has a value independent of the posi- 
tion of the points s and Wj and consequently remains fixed 
when w ^ s. Hence for a + /3 — 2 > 0 


g(5, Wi)h(w 


Ti 




and for a + j(3 — 2 = 0, the integral 


.... remains bounded. 


This completes the proof. 

The theorem just proved remains valid if the plane 
region T is replaced by a curved surface 5, which has contin- 
uous curvature, as for example the surface 5 used in the 
boundary value problems. For we may think of the tangent 
plane being drawn at the point 5 of S, and separate 5 into a 
small region 5' about this point with S" being the remainder 
of the surface; then project 5' on this tangent plane to form 
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the region T there. There is then a one-to-one correspondence 
between points of S' and of T. The ratio of the distance 
of a point w of S' from s, to the corresponding distance between 
the corresponding points in the tangent plane, is bounded away 
from zero (on account of the continuous curvature of the 
surface S), and this is also true for corresponding elements of 
integration- Hence we have first 


.j 

T 


...=0 



and from this that J J 

S' 



while the remaining part of the integral 
bounded, so that finally 



remains 



when a + 0 — 2 > 0. In the case a + /S — 2 = 0, the integ- 


rals 


. . . and finally 


.... may become logarithmically 


infinite as w s. 

Having completed this auxiliary theorem ; we will have no 
difficulty in proving that K^is, Q) is bounded. 

First consider 

Q) = 

Since we can set 

K(s, Q) = 


'K(s, w)K(Wy Q) dS^o- 
G(s, Q) 


^sQ 

where G{s^ Q) is a bounded function, we have 

a==l,/3 = l; a+/3— 2=0. 
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Hence K^(s, Q) becomes at most logarithmically infinite as 
s. Then, since 


KKs, Q) 


JJ K{s,w)KK-w, Q) dS^, 
s 


we have in this case that a = 1 while can be an arbitrarily 
small positive constant. Hence, since a + )S — 2 < 0, the 
kernel K^{s, Q) remains bounded for all points s and Q. 


Exercises : 

Formulate the boundary value problems for logarithmic 
potential. 

Prove the uniqueness theorems. 

Reduce the problems to integral equations. 

Prove the existence theorems. 
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Analytic function, 173 
Boundary value problems, 180 
exterior problems, 185 
reduction to integral equations, 
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uniqueness, 183 
Calculus of variations, 187 
direct methods, 191 
Cauchy-Riemann equations, 170 
Circle, expansion in, 196 
Conformal mapping and Green’s 
function, 235 

Continuation of harmonic function, 
220 

Coulomb’s law, 8 
Curl, definition, 23 
Dirichlet Principle, 187 
Dirichlet Problem, 180 
Divergence, definition, 24 
theorem, 48 
Double layer, 28 
Eigen-values, 276 
Equipotentials, analyticity, 214 
Equipotential surfaces, 42 
Existence theorems, 291 
Expansion in Legendre 
Polynomials, 257 
Expansion in surface spherical 
harmonics, 251 

Force 

conservative field, 20 
field due to a point mass, 9 
field of a spherical shell, etc., 11 
flux through a closed surface, 56 
lines of force, 16 
Fourier’s series, 200 
Fredholm theory, 259 


Gauss’s theorem, 48 
Gradient, definition, 23 
Gravity, constant, 7 
Newtonian law, 7 
Green’s formulas, 63, 69 
Green’s function 
for the circle, 231 
in space, 247 
in the plane, 224 
second kind, 233 
Hadamard’s theorem, 281 
Harmonic functions, 39 
regular at infinity, 40 
representation as a potential, 67 
Harnack’s theorem, 216, 247 
Holder condition, 209 
Inequalities, Bessel’s and 
Schwarz’s, 201 
Integral equations, 259 
Kernel, 259 
iterated, 280 
unbounded, 283 
Laplace’s equation, 32 
Legendre 

associated functions, 101 
differential equation, 98 
function of the second kind, 99 
functions, complex variable 
treatment, 123 
Legendre polynomials, 83 
expansion in, 257 
orthogonality, 102 
recursion formulas, 91 
Mass of a harmonic function, 40 
Maximum and minimum 
theorem, 76 

'^‘leajLysloe theorem, 74 
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Neumann problem, 180 
Newton’s law of cooling, 182 
Orthogonality, 102 
Poisson equation, 132 
Poisson integral in space, 245 
Poisson integral in the plane, 193 
Potential, 19 

analytic character, 77 
behaviour at infinity, 33 
conjugate potential, 167 
continuity, 130 
continuity for surface 
distribution, 135 
Dirichlet’s characteristic 
properties, 156 
discontinuity at a double 
layer, 136 

divergence theorem, 54 
energy, 22 

expansion at infinity, 115 
expansion in spherical 
harmonics, 92, 250 


invariance under conformal 
mapping, 177 
logarithmic, 26 
normal derivative, 140, 145 
of a body, 25 
surface distribution and 
double layers, 28 
where mass exists, 126 
Riemann mapping theorem, 242 
Ring, expansion in circular, 209 
Solenoidal field, 52 
Spherical harmonics, 89 
addition theorem, 109 
in rectangular coordinates, 95 
surface spherical harmonics, 97 
Stokes’ theorem, 58 
Stream-line, 17 
Tube of force, 55 
Vector, 1 

cross or vector product, 5 
dot or scalar product, 4 
field of vectors, 15 




